Quantum medium algebras

Joint work with Jakub Lowit

Taméas Hausel

Institute of Science and Technology Austria
http://hausel.ist.ac.at

SAGA seminar
University Paris-Saclay
May 2026

Institute of

Science and
Technology
Austria

FW Austrian
Science Fund



http://hausel.ist.ac.at
https://www.fwf.ac.at/en/research-radar/10.55776/P35847
https://cordis.europa.eu/project/id/101199663
http://ist.ac.at/

Motivations from mirror symmetry and Langlands duality
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Filtered medium algebras Z*

@ G complex connected reductive group, g = Lie(G), U(g)
universal enveloping algebra

@ X3 (G) > u-highest weight representation p* : G — GL(V¥)
@ R*:= (U(g) ® End(V¥))C Kostant algebra
filtered algebra over Z := Z(U(g)) = U(g)®
e A : U(g) — U(g) ® U(g) diagonal coproduct
A, = (1®p") o A: U(g) = U(g) ® End(V¥)
@ ZH:=(z®1,A,(2))zez C R filtered medium algebra

@ (Feigin—Frenkel 1992) ~ filtered big algebra G* c R* maximal
commutative

@ ZCcZtc Gt cRFand grZt = MK, grGH = B



Equivariant topology of Z#

® Gr:=G"((2))/G"[[z]] = Uyex: G"[[2]]2* affine
Grassmannian

e Gr* := GV[[z]]z*# c Gr affine Schubert variety
“space of type u Hecke transformations”

@ GY acts on Gr* and C* acts on Gr* by loop rotation z — az
@ Rees construction: for R = | J; FiR, Ry := EBJ’F,-R over Cl[#]
@ (Nakajima 2023) — (Braverman—Finkelberg 2008) —

Zi = HZ, o< (Gr)

U

ZH = H3 o« (G /(R - 1)



Representation theory of Z¢

@ Category O for U(g) is generated by Verma modules M(1),
A€ b, where]) C gis a Cartan subalgebra

@ R:=S(h) = U(bh) and ¢ : h — R the canonical injection
Ugr(a) := R®c U(a) for a Lie algebra a

@ Mg(c) := Ur(8) ®ug(v) Rc universal Verma module

Theorem (Kostant 1975; Bernstein—Gelfand 1980; Mui¢—Savin

2008; Higson 2010; Hausel 2025)
@ R* = (U(g) ® End(V*))® = Endy, () (Ma(c) ® V¥)""
Q Zv=2Z(RrR)

© R“ is a spherical Hecke algebra: Repg(R) = HC*(g X g, g)
category of Harish—Chandra bimodules containing the u-type

Q lim_, Z" = Z(C(g % g,0)), center of category of (g x g, 3)-modules




Examples of infinitesimal characters in tensor product
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Equivariant K-theory of Gr*

@ G complex reductive, X complex projective variety, GC X

@ (Lowit 2025) defines fixed point scheme
Fixg(X) : R {(g,x) € G(R) x X(R) | gx = x}.
develops Kg(X;C) = C[Fixg]®
for a nice class of varieties including G¥ x C* C Gr*

@ (Léwit 2026) proves (Bezrukavnikov 2023) conjecture:
Krvxex (Gr*; C) = (bj o)==
where b;, are the Bezrukavnikov classes
@ in the GKM description
Ko (G ©) 2 (A1) € D) pepng CLTY X © ¢
(1=23.Q) | (fy, — f1,) When Ay — Ao =mB, meZ, forp e <D}
@ for G = GL, we have Krvyc(Gr*; C) = (b ¢)ez.,

£ At
_ Zazg_Zazaq @

GKM”(b1,€)/1 - {_ q[ € C[Za, q] = C[TV X CX]




Quantum groups

@ restrictto G = GL,, g = gl,; K = C(v) and A = CJ[v, 1/v]
@ denote by Ug(gl,) the Drinfeld—Jimbo quantum group
generated by

E.F (1<i<n), K;' (1<a<n)

@ write H; := K,-K,.3r11. The basic relations are

K, E,'Ka_1 — Pai0ai+1 E;, Ka’:iK;1 — y0aitaits F;,
1

E.F] =gt
[Ei. Fil = 6~ —

1> KaKb = KbKa,

together with quantum Serre relations.
@ Hopf structure:

AE)=E®H +10E, A(F)=Fe1+H'eF,

A(Ka) == Ka ® Ka.



Integral forms of quantum groups

@ define root vectors inductively by E;; ¢ := E; and
E,'j = E,',j,1 Ej,1 —v! Ej,-] E,"/',1; similarly for F,'j
@ seteg;:=(1-Vv?)Ejand fj := (1 - v®)Fjforalli<j
@ (De Concini—Procesi) integral form:
Va(aly) == (e, i, KE' i < j)a.
@ its even part:
._ —1 ._ £2 0
Hy= Kk VS = (e Hyfy kG2 i< T<a<n) .
equivalently: fixed by Ka — €3 Ka, €jj — €jj, f,'j = 6,'6jf,'j.

@ Lusztig’s integral form:

+1 |K3;0
UA(QIn) = <Ei(m)’Fi(m)’Ka1’[ 2;” :|> ,

A
E(m) _ Eim i F'(m) _ Fim i
! [m],! : [m],!
Ka? 0 B m Ka v1—s _ Ka_1 Vs—1
m - r[ vS — v—S .

s=1



Quantum medium algebras

e for a highest weight u € X’ (GL,) choose a Weyl lattice
Vi, c V¥ and g/, : Uy — Enda(V})
@ define the quantum Kostant algebra

ev A(U )
R = (VS @ Enda(V4))

@ the quantum medium algebra is
Zh =(ze1, (10p))A(2) |z Z(V§)) c R,

well-defined because A(VS') ¢ V§' ® Uy (Habiro-Lé 2016)
® we expect Z, = Z(R})



Generalised quantum Harish—Chandra map

@ S:=C[TYxC*];c: TxC* — S*tautological character; 1 € X*
Us :=Ux ®4 S, Vg = Vg ®xs S, Ms(d):=Us ®U§° Scia
Ms(0) is universal quantum Verma module

° R = (V¢ ®Enda(V4))A") — Endy,(Ms(0) ®s V5)""

@ generalized Harish—Chandra map:

He* : 2 — B c[Tv x ¢

Aewt(u)

records scalar of z on the Ms(1)-subquotient of Ms(0) ®s Vg

Theorem (Hausel-Lowit 2026)

ForUx(al,) and u € X; (GL,),
Z), = KoL,xcx(Gr*; C)
via HC* with a p-shift matching GKM*, and q = v?.




Proof by quantum Schur—Weyl duality

o V)= Vg’o """ % with action pv : Us — Endy(V})
@ construct the evaluated R-matrix
RYY = =y0y € V. ® End( V)

o — 1_[ Z vr(r—1)/2(eij)r ® ’:I](r)
1<i<j<n r>0

—

ovi=(1ep)(©) = [] (1+eeE™)

@ monodromy seed in representation V4 of U, (Habiro—Lé 2016):

A(U
My == RSVRYSY € (VS @ End(V,))"

Cs, := tr(KooMwi) € Z(VS')  (Drinfeld 1990),

s

for any symmetric function s = Z a,s, we define Cs := Z a,Cs,.
12 u u



Affine Hecke operators

@ (Orellana—Ram 2007) define T;, Xj € Va ®End(v§®k) by

Tii= Tt R,-\;’L, Xi:=My® I‘\g}(kq), Xip1 = T, XT.

@ these generate an action of the affine Hecke algebra H2T, whose
Bernstein center is Z(H:T) = C[XE, ..., XE']S.
@ The main formula:

Av®k(C )—Cp ®I i
'm 'm — )(im‘

vam —A
i=1
Avu(Cp,)—Cp, @1 y
‘fm — P € V& @ Enda (V).
AVM(Cpm) - Cpm ® 1
HC”( T = GKM*(b1.m),

completing the proof.



Affine braid pictures
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Moment polytope and GKM graph

Grsp, (Harada—Henriquez—Holm 2006)

QSU(3) (Atiyah—Pressley 1983)




