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Intersection cohomology

X complex variety

(Goresky-MacPherson 1980-){ intersection cohomology
IH∗(X) := IH∗(X ,C) a graded C vector space, a module over
cohomology ring H∗(X) := H∗(X ,C)

X projective{ IH∗(X ,C) satisfies Poincaré duality

(Kazhdan-Lusztig 1979-) failure of Poincaré duality for
Schubert varieties Xw ⊂ G/B{ subtle information on Rep(g)
proof by (Beilinson–Bernstein, Brylinski–Kashiwara 1981)
using IH∗ { geometric representation theory

in general IH∗ does not have a natural ring structure

example of (Goresky-MacPherson 1984) of Schubert variety
Xw ⊂ Gr(2, 5) with two small resolutions X1 → Xw ← X2 s.t.
H∗(X1) � IH∗(Xw) � H∗(X2) as graded vector spaces but
H∗(X1) � H∗(X2) as rings

Ringify! Find graded H∗(X)-algebra structure on IH∗(X)
i.e. cyclic commutative subalgebra in EndH∗(X)(IH∗(X))
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(Kazhdan-Lusztig 1979-) failure of Poincaré duality for
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Schubert varieties Xw ⊂ G/B{ subtle information on Rep(g)
proof by (Beilinson–Bernstein, Brylinski–Kashiwara 1981)

using IH∗ { geometric representation theory

in general IH∗ does not have a natural ring structure

example of (Goresky-MacPherson 1984) of Schubert variety
Xw ⊂ Gr(2, 5) with two small resolutions X1 → Xw ← X2 s.t.
H∗(X1) � IH∗(Xw) � H∗(X2) as graded vector spaces but
H∗(X1) � H∗(X2) as rings

Ringify! Find graded H∗(X)-algebra structure on IH∗(X)
i.e. cyclic commutative subalgebra in EndH∗(X)(IH∗(X))



Intersection cohomology

X complex variety

(Goresky-MacPherson 1980-){ intersection cohomology
IH∗(X) := IH∗(X ,C) a graded C vector space, a module over
cohomology ring H∗(X) := H∗(X ,C)

X projective{ IH∗(X ,C) satisfies Poincaré duality
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Big commutative subalgebra of Kirillov algebra

G semisimple complex Lie group, concentrate on G = SLn

X∗+(G) ∋ µ-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G � Maps(g,End(Vµ))G

associative, graded S(g∗)G � H2∗
G -algebra: Kirillov algebra

e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
e.g. minuscule

G acts on X { equivariant intersection cohomology IH∗G(X) a
module over equivariant cohomology ring H∗G(X) over
H∗G(pt) = H∗G = C[g]G = C[h]W polynomial ring

equivariantly formal↔ H∗G(X) and IH∗G(X) are free over
H∗G(X)↔ IH∗(X) � IH∗G(X) ⊗H∗G C

(Panyushev 2004){ when µ minuscule, Cµ � H2∗
G (G/Pµ)

{ finite free over H2∗
G and Cµx ⊂ End(Vµ) cyclic for x ∈ greg

for µ not weight multiplicity free we construct big (maximal)
commutative subalgebra Z(Cµ) ⊂ Bµ ⊂ Cµ



Big commutative subalgebra of Kirillov algebra

G semisimple complex Lie group

, concentrate on G = SLn

X∗+(G) ∋ µ-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G � Maps(g,End(Vµ))G

associative, graded S(g∗)G � H2∗
G -algebra: Kirillov algebra

e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
e.g. minuscule

G acts on X { equivariant intersection cohomology IH∗G(X) a
module over equivariant cohomology ring H∗G(X) over
H∗G(pt) = H∗G = C[g]G = C[h]W polynomial ring

equivariantly formal↔ H∗G(X) and IH∗G(X) are free over
H∗G(X)↔ IH∗(X) � IH∗G(X) ⊗H∗G C

(Panyushev 2004){ when µ minuscule, Cµ � H2∗
G (G/Pµ)

{ finite free over H2∗
G and Cµx ⊂ End(Vµ) cyclic for x ∈ greg

for µ not weight multiplicity free we construct big (maximal)
commutative subalgebra Z(Cµ) ⊂ Bµ ⊂ Cµ



Big commutative subalgebra of Kirillov algebra

G semisimple complex Lie group, concentrate on G = SLn

X∗+(G) ∋ µ-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G � Maps(g,End(Vµ))G

associative, graded S(g∗)G � H2∗
G -algebra: Kirillov algebra

e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
e.g. minuscule

G acts on X { equivariant intersection cohomology IH∗G(X) a
module over equivariant cohomology ring H∗G(X) over
H∗G(pt) = H∗G = C[g]G = C[h]W polynomial ring

equivariantly formal↔ H∗G(X) and IH∗G(X) are free over
H∗G(X)↔ IH∗(X) � IH∗G(X) ⊗H∗G C

(Panyushev 2004){ when µ minuscule, Cµ � H2∗
G (G/Pµ)

{ finite free over H2∗
G and Cµx ⊂ End(Vµ) cyclic for x ∈ greg

for µ not weight multiplicity free we construct big (maximal)
commutative subalgebra Z(Cµ) ⊂ Bµ ⊂ Cµ



Big commutative subalgebra of Kirillov algebra

G semisimple complex Lie group, concentrate on G = SLn

X∗+(G) ∋ µ

-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G � Maps(g,End(Vµ))G

associative, graded S(g∗)G � H2∗
G -algebra: Kirillov algebra

e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
e.g. minuscule

G acts on X { equivariant intersection cohomology IH∗G(X) a
module over equivariant cohomology ring H∗G(X) over
H∗G(pt) = H∗G = C[g]G = C[h]W polynomial ring

equivariantly formal↔ H∗G(X) and IH∗G(X) are free over
H∗G(X)↔ IH∗(X) � IH∗G(X) ⊗H∗G C

(Panyushev 2004){ when µ minuscule, Cµ � H2∗
G (G/Pµ)

{ finite free over H2∗
G and Cµx ⊂ End(Vµ) cyclic for x ∈ greg

for µ not weight multiplicity free we construct big (maximal)
commutative subalgebra Z(Cµ) ⊂ Bµ ⊂ Cµ



Big commutative subalgebra of Kirillov algebra

G semisimple complex Lie group, concentrate on G = SLn

X∗+(G) ∋ µ-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G � Maps(g,End(Vµ))G

associative, graded S(g∗)G � H2∗
G -algebra: Kirillov algebra

e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
e.g. minuscule

G acts on X { equivariant intersection cohomology IH∗G(X) a
module over equivariant cohomology ring H∗G(X) over
H∗G(pt) = H∗G = C[g]G = C[h]W polynomial ring

equivariantly formal↔ H∗G(X) and IH∗G(X) are free over
H∗G(X)↔ IH∗(X) � IH∗G(X) ⊗H∗G C

(Panyushev 2004){ when µ minuscule, Cµ � H2∗
G (G/Pµ)

{ finite free over H2∗
G and Cµx ⊂ End(Vµ) cyclic for x ∈ greg

for µ not weight multiplicity free we construct big (maximal)
commutative subalgebra Z(Cµ) ⊂ Bµ ⊂ Cµ



Big commutative subalgebra of Kirillov algebra

G semisimple complex Lie group, concentrate on G = SLn

X∗+(G) ∋ µ-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G

� Maps(g,End(Vµ))G

associative, graded S(g∗)G � H2∗
G -algebra: Kirillov algebra

e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
e.g. minuscule

G acts on X { equivariant intersection cohomology IH∗G(X) a
module over equivariant cohomology ring H∗G(X) over
H∗G(pt) = H∗G = C[g]G = C[h]W polynomial ring

equivariantly formal↔ H∗G(X) and IH∗G(X) are free over
H∗G(X)↔ IH∗(X) � IH∗G(X) ⊗H∗G C

(Panyushev 2004){ when µ minuscule, Cµ � H2∗
G (G/Pµ)

{ finite free over H2∗
G and Cµx ⊂ End(Vµ) cyclic for x ∈ greg

for µ not weight multiplicity free we construct big (maximal)
commutative subalgebra Z(Cµ) ⊂ Bµ ⊂ Cµ



Big commutative subalgebra of Kirillov algebra

G semisimple complex Lie group, concentrate on G = SLn

X∗+(G) ∋ µ-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G � Maps(g,End(Vµ))G

associative, graded S(g∗)G � H2∗
G -algebra: Kirillov algebra

e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
e.g. minuscule

G acts on X { equivariant intersection cohomology IH∗G(X) a
module over equivariant cohomology ring H∗G(X) over
H∗G(pt) = H∗G = C[g]G = C[h]W polynomial ring

equivariantly formal↔ H∗G(X) and IH∗G(X) are free over
H∗G(X)↔ IH∗(X) � IH∗G(X) ⊗H∗G C

(Panyushev 2004){ when µ minuscule, Cµ � H2∗
G (G/Pµ)

{ finite free over H2∗
G and Cµx ⊂ End(Vµ) cyclic for x ∈ greg

for µ not weight multiplicity free we construct big (maximal)
commutative subalgebra Z(Cµ) ⊂ Bµ ⊂ Cµ



Big commutative subalgebra of Kirillov algebra

G semisimple complex Lie group, concentrate on G = SLn

X∗+(G) ∋ µ-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G � Maps(g,End(Vµ))G

associative, graded S(g∗)G � H2∗
G -algebra

: Kirillov algebra
e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
e.g. minuscule

G acts on X { equivariant intersection cohomology IH∗G(X) a
module over equivariant cohomology ring H∗G(X) over
H∗G(pt) = H∗G = C[g]G = C[h]W polynomial ring

equivariantly formal↔ H∗G(X) and IH∗G(X) are free over
H∗G(X)↔ IH∗(X) � IH∗G(X) ⊗H∗G C

(Panyushev 2004){ when µ minuscule, Cµ � H2∗
G (G/Pµ)

{ finite free over H2∗
G and Cµx ⊂ End(Vµ) cyclic for x ∈ greg

for µ not weight multiplicity free we construct big (maximal)
commutative subalgebra Z(Cµ) ⊂ Bµ ⊂ Cµ



Big commutative subalgebra of Kirillov algebra

G semisimple complex Lie group, concentrate on G = SLn

X∗+(G) ∋ µ-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G � Maps(g,End(Vµ))G

associative, graded S(g∗)G � H2∗
G -algebra: Kirillov algebra

e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
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G (G/Pµ)
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associative, graded S(g∗)G � H2∗
G -algebra: Kirillov algebra

e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
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Construction of big algebra

{Xi} basis for SLn, {X i} dual basis wrt Killing form
D : Cµ → Cµ = (S(sl∗n) ⊗ End(Vµ))SLn

A 7→
∑

i ρ
µ(X i)

∂(A)
∂Xi

Kirillov-Wei operator

ci ∈ C[sln]
SLn � H2∗

SLn
invariant polynomial

tn + c2(a)tn−2 + · · ·+ cn(a) char poly of a ∈ sln
Mi−1 := D(ci) Kirillov’s M-operators medium operators
Mµ := ⟨1Vµ ,M1, . . . ,Mn−1⟩H2∗

SLn
⊂ Cµ medium algebra ⊆ Z(Cµ)

Bk ,i−k := Dk (ci) ∈ C
µ big operators of age k and degree i − k

Bµ := ⟨1Vµ , {Bk ,i−k }k ,i⟩H2∗
SLn
⊂ Cµ big algebra ⊃ Mµ

Theorem ( Hausel–Zveryk, Hausel 2022, Ngô 2025)

Bµ ⊂ Cµ is commutative, cyclic, finite-free /H2∗
SLn

and Gorenstein

proof via a universal big algebra B ⊂ (S(g) ⊗ U(g))G as a
Gaudin algebra from (Feigin–Frenkel, 1992)
cyclicity follows from (Feigin–Frenkel–Rybnikov 2010)
in quantization of Mishchenko-Fomenko integrable systems
{ Bµ is a quantum integrable system
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Bµ ⊂ Cµ is commutative, cyclic, finite-free /H2∗
SLn

and Gorenstein

proof via a universal big algebra B ⊂ (S(g) ⊗ U(g))G as a
Gaudin algebra from (Feigin–Frenkel, 1992)
cyclicity follows from (Feigin–Frenkel–Rybnikov 2010)
in quantization of Mishchenko-Fomenko integrable systems

{ Bµ is a quantum integrable system



Construction of big algebra
{Xi} basis for SLn, {X i} dual basis wrt Killing form
D : Cµ → Cµ = (S(sl∗n) ⊗ End(Vµ))SLn

A 7→
∑

i ρ
µ(X i)

∂(A)
∂Xi

Kirillov-Wei operator

ci ∈ C[sln]
SLn � H2∗

SLn
invariant polynomial

tn + c2(a)tn−2 + · · ·+ cn(a) char poly of a ∈ sln
Mi−1 := D(ci) Kirillov’s M-operators medium operators
Mµ := ⟨1Vµ ,M1, . . . ,Mn−1⟩H2∗

SLn
⊂ Cµ medium algebra ⊆ Z(Cµ)

Bk ,i−k := Dk (ci) ∈ C
µ big operators of age k and degree i − k

Bµ := ⟨1Vµ , {Bk ,i−k }k ,i⟩H2∗
SLn
⊂ Cµ big algebra ⊃ Mµ

Theorem ( Hausel–Zveryk, Hausel 2022, Ngô 2025)
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Geometric properties of Bµ

Gr := PGLn((z))/PGLn[[z]] affine Grassmannian of PGLn

Grµ := PGLn[[z]]zµ ⊂ Gr affine Schubert; Grωk = Gr(k , n)

(Bezrukavnikov–Finkelberg 2008){

Corollary (Hausel 2024)

H∗PGLn
(Grµ) �Mµ as H∗PGLn

-algebras
EndH∗PGL(Grµ)(IH∗PGLn

(Grµ)) � Cµ

IH∗PGLn
(Grµ) � Bµ asMµ-modules

{ graded H∗PGLn
-algebra structure on IH∗PGLn

(Grµ)
{ multiplicity algebra Qµλ on lime Vµλ � IH∗(Wµ

λ) with Poincaré
polynomial mµλ(q) Lusztig’s q-analogue of weight multiplicity

compute B2ω2(so5) ⊂ C
2ω2(so5) using (Tai 2014)

ω2(sl5)|so5 � 2ω2(so5) thus Bω2(sl5) ⊗H2∗
SL5

H2∗
SO5
⊂ C2ω2(so5)

satisfies corollary{
H∗SO5

(Gr2ω2)-algebra structure on IH∗SO5
(Gr2ω2) is not unique
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polynomial mµλ(q) Lusztig’s q-analogue of weight multiplicity

compute B2ω2(so5) ⊂ C
2ω2(so5) using (Tai 2014)

ω2(sl5)|so5 � 2ω2(so5) thus Bω2(sl5) ⊗H2∗
SL5

H2∗
SO5
⊂ C2ω2(so5)

satisfies corollary{
H∗SO5

(Gr2ω2)-algebra structure on IH∗SO5
(Gr2ω2) is not unique



Geometric properties of Bµ

Gr := PGLn((z))/PGLn[[z]] affine Grassmannian of PGLn

Grµ := PGLn[[z]]zµ ⊂ Gr affine Schubert

; Grωk = Gr(k , n)

(Bezrukavnikov–Finkelberg 2008){

Corollary (Hausel 2024)

H∗PGLn
(Grµ) �Mµ as H∗PGLn

-algebras
EndH∗PGL(Grµ)(IH∗PGLn

(Grµ)) � Cµ

IH∗PGLn
(Grµ) � Bµ asMµ-modules

{ graded H∗PGLn
-algebra structure on IH∗PGLn

(Grµ)
{ multiplicity algebra Qµλ on lime Vµλ � IH∗(Wµ

λ) with Poincaré
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Picture of Spec(Bnω1(sl2))

(Hausel–Rychlewicz 2022) computes H2∗
SL2

(Pn) � Bnω1(sl2)

Bnω1(sl2) �
{
C[c2,M1]/

(
(M2

1 + n2c2) . . . (M2
1 + 4c2)M1

)
for n even;

C[c2,M1]/
(
(M2

1 + n2c2) . . . (M2
1 + 9c2)(M2

1 + c2)
)

for n odd.
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Figure: SpecB4ω1(sl2) � SpecH2∗
SL2

(P4) & SpecB5ω1(sl2) � SpecH2∗
SL2

(P5).



Filtered big algebra

(Kostant, 1978){ Rµ := (U(g) ⊗ End(Vµ))G Kostant algebra,
associative, over Z := Z(U(g)) = U(g)G and filtered
standard U(g) = ∪∞p=0Up(g){U(g) = S∗(g) and Rµ � Cµ

symmetrization π : S∗(g) �g−mod U(g){ U(g) =
⊕∞

p=0 Up(g)
∆ : U(g)→ U(g) ⊗ U(g) = U(g ⊕ g) diagonal map from
∆ : g → g ⊕ g

x 7→ x ⊕ x
, ∆µ := ρµ ◦∆ : U(g)→ U(g) ⊗ End(Vµ)

z ∈ Zk = π(Sk (g)G) ⊂ Z {∆µ(z) ∈ Rµ

∆µ(z) = ⊕pDp(z)/p! with Dp(z) ∈ (Up(g) ⊗ End(Vµ))G

Zµ := ⟨Z , {∆µ(z)}z∈Z ⟩ ⊂ Rµ filtered medium algebra
G = SLn, Gµ := ⟨{Dpπ(ck )}p≤k≤n⟩ ⊂ R

µ filtered big algebra

Theorem (Hausel 2024, Hausel–Zveryk 2022, Nakajima 2023)

1 Zµ �Mµ

2 Gµ ⊂ Rµ maximal commutative , Gµ = Bµ ⊂ Cµ

3 Z
µ
ℏ
� H∗G∨

ℏ

(Grµ), Rµ
ℏ
� End∗HG∨

ℏ
Grµ(IH

∗

G∨
ℏ

Grµ), Gµ
ℏ
�Zµ IH∗G∨

ℏ

(Grµ)

R = ∪pRp { Rℏ := ⊕ℏpRp &G∨
ℏ
� G∨ × C× &Zℏ � H∗G∨

ℏ

Duflo
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(Rozhkovskaya 2003)’s example of sl2 Kostant algebra

R5ω1(sl2) � C[C2,M1]/
((M2

1 + 20M1 − 100C2)(M2
1 + 52M1 − 36C2 + 640)(M2

1 + 68M1 − 4C2 + 1152))

5 10 15 20
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-15

-10

-5

5

10

M1

Figure: Spec(R5ω1(sl2)).
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Endomorphisms of tensor product Mλ ⊗ Vµ

λ ∈ h∗ { Mλ Verma module
with infinitesimal character χ : Z → C

R
µ
χ = R

µ/(ker χ)=(U(g)/(ker χ)⊗End(Vµ))G=End(Mλ ⊗Vµ)G

(Kostant1978)(Bernstein–Gelfand1980)(Muić–Savin2010){

Corollary (Hausel 2025)

Z(Rµ) = Zµ = Z ⊗ Z/
(Q ∈ Z ⊗Z ⊂ C[h∗×h∗]|Q(λ, λ+µi) = 0;∀λ ∈ h∗, µi ∈ Weights(Vµ))

Conjecture (Hausel 2025, Stroppel 2003)
1 Z(Rµχ) = Z

µ
χ { Z ↠ Z(End(Pν)) � H∗(Xν) ∀ projective

indecomposable Pν and Xν ⊂ G/Pν finite Schubert variety

2 G
µ
χν → End(Pν) � EndH∗(Xν)(IH

∗(Xν)) induces a maximal
commutative cyclic subalgebra and a ring structure on IH∗(Xν) and
on IH∗w(Xν) with Poincaré series Kazhdan–Lusztig’s Pw,ν(q)

3 G
µ
χν → End(Mλν ⊗ Vµ) encodes Kazhdan–Lusztig multiplicities
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Examples of infinitesimal characters in tensor product

M−1 ⊗ V5ω1 = P−6 ⊕ P−4 ⊕ P−2

M0 ⊗ V5ω1 = P−5 ⊕ P−3 ⊕M−1 ⊕M5

M1 ⊗ V5ω1 = P−4 ⊕ P−2 ⊕M4 ⊕M6

M2 ⊗ V5ω1 =
P−3 ⊕M−1 ⊕M1 ⊕M3

⊕M5 ⊕M7

M3 ⊗ V5ω1 =
P−2 ⊕M0 ⊕M2 ⊕M4

⊕M6 ⊕M8
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Figure: Spec(R5ω1(sl2)).



Outlook

What multisection Lagrangian does the filtered medium Zµ

and big algebras Gµ model on the Higgs side?
(Muić–Savin 2012){ center of Hecke algebras attached to
quasi-split real Lie groups GR.
Questions:

1 Are they isomorphic with equivariant cohomology ring of
(Nadler, 2005)’s affine Schubert varieties for some GR?

2 Would it model some Lagrangian multisections in G-Higgs
moduli spaces?

(Hausel–Löwit, 2025){ KG∨×Gm(Grµ) � Zµq where
Z
µ
q ⊂ R

µ
q = (Uq(g) ⊗ End(Vµq ))Uq(g)

quantum medium algebra, integral part of
rational quantum medium algebra generated by
ZHC(Uq(g)) × δ(ZHC(Uq(g)))
Questions:

1 Z(Rµq(g)) = Z
µ
q(g)?

2 do they relate to group-valued Higgs bundles?
3 quantum big algebras Gµq ⊂ R

µ
q?
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(Muić–Savin 2012){ center of Hecke algebras attached to
quasi-split real Lie groups GR.
Questions:

1 Are they isomorphic with equivariant cohomology ring of
(Nadler, 2005)’s affine Schubert varieties for some GR?

2 Would it model some Lagrangian multisections in G-Higgs
moduli spaces?
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