
Commutative avatars for baryon multiplets

Tamás Hausel

Institute of Science and Technology Austria
http://hausel.ist.ac.at

CERN / ISTA exchange visit
CERN

March 7 2025

http://hausel.ist.ac.at
http://ist.ac.at/
http://ist.ac.at/


Big algebra



Big algebra

a multiplicative ρ : G→ Mn×n(C) is a matrix representation of
a compact symmetry group G
Example: rotation group of sphere SO(3) ⊂ M3×3(C)
or special unitary group SU(3) ⊂ M3×3(C)
(Hausel 2024){ big algebra of ρ:
Bρ ⊂ Maps(g,Mn×n(C))

G

an algebra of G-equivariant maps
from g := Lie(G) to matrix algebra Mn×n(C) of representation

Example:
M1 : g → Mn×n(C)

A 7→ Lie(ρ)(A)
then M1 ∈ B

ρ

(Hausel 2024){ wonderful properties of Bρ:
1 it is a maximal commutative subalgebra
2 free of rank n over polynomial algebra C[g]G = C[h]W

3 Bρ � IH∗G∨(Grρ) equivariant intersection cohomology of affine
Schubert variety for Langlands dual G∨

4 Spec(Bµ)→ Spec(C[h]W) � h//W models Hitchin system on
certain Lagrangians

5 constructed using (Feigin–Frenkel 1992) center of certain
vertex algebra



Spectrum of standard representation of SO(3)

SO(3) symmetry group of sphere
ρ : SO(3)→ M3×3(C) standard representation
its big algebra
Bρ = C[c2,M1]/(M3

1 + c2M1) = C[c2,M1]/(M1(M2
1 + c2))

by Cayley-Hamilton
its spectrum with principal spectrum at c2 = −4:



Spectrum of standard representation of SU(3)

SU(3) special unitary group
ρ : SU(3)→ M3×3(C) standard representation
its big algebra is C[c2, c3,M1]/(M3

1 + c2M1 + c3)
by Cayley-Hamilton
its spectrum with skeleton at c3 = 0 and principal spectrum at
c2 = −4:



Gell-Mann’s spectrum

experiments in the 1950’s produced a particle zoo of
hundreds of different hadrons
Gell-Mann 1960s organized them into octets and decuplets

he argued that they are composite particles made up of
quarks and antiquarks, which correspond to the fundamental
representations of SU(3){ Quantum-Chromo-Dynamics



Gell-Mann’s spectrum

(Gell-Mann 1962) ”If the
information I’ve heard is really
right, then our speculation might
have some value, and we should
look for the last particles, called,
say, Omega-minus”



Decuplet skeleton and baryon decuplet

big algebra of third symmetric power of SU(3):

C[c2, c3,M1,M2]/
(

M4
1 − 6M2

1M2 + 4M2
1c2 − 18M1c3 + 3M2

2 − 6M2c2,
M3

1M2 + M3
1c2 + 3M2

1c3 − 3M1M2
2 + M1M2c2 + 4M1c2

2 − 9M2c3

)

decuplet skeleton over its principal spectrum

skeleton over baryon decuplet

{ relations for I3 =
(M1)h0

4 and Y =
(M2)h0

4 in baryon decuplet

I3(Y − 1)(4I23 − 3Y − 4) = 0
16I43 − 24I23Y − 16I23 + 3Y2 + 6Y = 0
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Digital anatomy 3D printer

3D printer for anatomy of big algebras

https://hausel.ist.ac.at/zoo/


3D printing decuplet crystal



Skeleton of Spec(Bω1+ω2(sl3)) and baryon octet

M1 := Dc2/2, M2 := Dc3/2, N1 := D2c3/2 in Cω1+ω2(sl3)

Bω1+ω2(sl3) � C[c2, c3,M1,N1]/
(

3M2
1 + N2

1 + 12c2,
M3

1N1 + c2M1N1 − 9c3M1

)
Mω1+ω2(sl3) � C[c2, c3,M1,M2]/

(
M2

1M2 + c2M2 + 3c3M1,
M4

1 + 4c2M2
1 + 3M2

2 ,
3M1M2

2 + 9c3M2 − c2M3
1 − 4c2

2 M1

)

Figure: big and medium skeleton over baryon octet

{ polynomial relations between I3 and Y in baryon octet
Y(2I3 − 1)(2I3 + 1) = 0
4I33 + 3I3Y2 − 4I3 = 0
16I43 − 16I23 + 3Y2 = 0


