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Here we announce the construction and propemes of a bxg commumuve suba.lgebra
of the Kirillov algebra attached to a finite d | irred ion
of a complex semisimple Lie group. They are commutative finite flat a.lgebras over
the cohomology of the classlfylng space of the group. They are lsomorpluc with the
equivariant ion gy of affine Schubert varieties, g the latter
with a new ring structure. Study of the finer aspects of the structure of the blg algebras
will also furnish the stalks of the intersection cohomology with ring structure, thus
ringifying Lusztig’s g-weight multiplicity polynomials i.e., certain affine Kazhdan—
Lusztig polynomials.

representations of Lie groups | Hitchin integrable system | Higgs field | equivariant cohomology |
intersection cohomology

1. Kirillov and Medium Algebras

Let G be a connected complex semisimple Lie group with Lie algebra g, which we

Significance

Representations of continuous
symmetry groups by matrices are
fundamental to mathematical
models of quantum physics and
also to the Langlands program in
number theory. Here, we attach
a commutative matrix algebra,
called big algebra, to a
noncommutative irreducible
matrix representation of a
bounded continuous symmetry
group. We show that the



Big algebra

@ a multiplicative p : G — Muxn(C) is a matrix representation of
a compact symmetry group G
Example: rotation group of sphere SO(3) c Mzx3(C)
or special unitary group SU(3) € Mzx3(C)
@ (Hausel 2024) ~» big algebra of p:
B° c Maps(g, Mxn(C))C
an algebra of G-equivariant maps
from g := Lie(G) to matrix algebra M,xn(C) of representation
M: g — Mnxn(c)
A Lie(p)(A) then My € B
@ (Hausel 2024) ~» wonderful properties of 8°:
@ it is a maximal commutative subalgebra
@ free of rank n over polynomial algebra C[g]® = C[p]V
Q B = IH,,(Gr,) equivariant intersection cohomology of affine
Schubert variety for Langlands dual G¥
@ Spec(8*) — Spec(C[p]V) = h//W models Hitchin system on
certain Lagrangians
@ constructed using (Feigin—Frenkel 1992) center of certain
vertex algebra

Example:



Spectrum of standard representation of SO(3)

@ SO(3) symmetry group of sphere

@ p : SO(3) — Msx3(C) standard representation

@ its big algebra
B = Clca, My]/ (M3 + coMy) = Clca, My]/(My (M2 + c3))
by Cayley-Hamilton

@ its spectrum with principal spectrum at ¢, = —4:
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Spectrum of standard representation of SU(3)

@ SU(3) special unitary group

@ p : SU(3) — Msx3(C) standard representation

o its big algebra is C[cz, ¢z, M1]/(M3 + coMy + c3)
by Cayley-Hamilton

@ its spectrum with skeleton at ¢z = 0 and principal spectrum at
Cco = —4:




Gell-Mann’s spectrum

@ experiments in the 1950’s produced a particle zoo of
hundreds of different hadrons
@ Gell-Mann 1960s organized them into octets and decuplets

decuplet
J=3/2
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@ he argued that they are composite particles made up of
quarks and antiquarks, which correspond to the fundamental
representations of SU(3) ~» Quantum-Chromo-Dynamics



Gell-Mann’s spectrum

From: Proc Intern Conf High Enevgy Phys 817

(CERN, 1962), p. 805

Strange Particle Physics. Strong Interactions
M. Gell-Mann
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Decuplet skeleton and baryon decuplet

@ big algebra of third symmetric power of SU(3):
M- GM2M2 + 4M202 —18Mjc3 + 3M2 — 6Moco
1 1 2 ’
Clca, c3, My, Mz]/ (M%‘Mg + M3cp + 3M2c3 — 3Mi M2 + MiMoco + 4Mi G2 — 9Mocs

decuplet skeleton over its principal spectrum



Decuplet skeleton and baryon decuplet

@ big algebra of third symmetric power of SU(3):
—GM Mo +4M co — 18Mic3 +3M — 6Moco,
Clee, cs, My, Me]/ (/\/ﬁ/\/l2 + MEco + 3M2cs — 3V M2 -+ My Mocy + 4My 62 — Vs )

-3/2 -1 —1/2 0 +1/2 +L +3/2

particles in baryon decuplet



Decuplet skeleton and baryon decuplet

@ big algebra of third symmetric power of SU(3):
—GM Mo +4M co — 18Mic3 +3M — 6Moco,
Clca, c3, My, Mz]/ (MI*MZ + M3y + BMEcy — BMy M2 + My Macs + 4My G2 — 9Macy )

-3/2 -1 -1/2 ¢ +1/2 +1 +3/2I
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skeleton over baryon decuplet



Decuplet skeleton and baryon decuplet

@ big algebra of third symmetric power of SU(3):

GM Mo + 4M co — 18Myc3 + 3M2 6Moco,
Clez, c3, M1, Mz]/ (M§M2 + M302 + 3M203 - 3My M2 + MiMacp + M, c2 - 9Mzcs

S3/2 -1 -2 0 412 41 432

skeleton over baryon decuplet

@ ~ relations for I = ( ')”0 and Y = ¢ i)“° in baryon decuplet

l3(Y —1)(45-3Y -4) =0
1613 —245Y —16/5+3Y2 +6Y =0
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Skeleton of Spec(B“1"*2(sl3)) and baryon octet

@ My :=Dcy/2, Mo := Dc3/2, Ny .= D203/2 in Cw1+w2(513)
w1 +w2 ~ 3M +N2+1202
B (SIS) = C[CZa Cs, M1a N1]/( M3N1 _1_02,\/’1 Ni — 9¢c3 My
M Mo + coMo + 3csMy,
M +w2(513) C[Cg, c3, My, MQ]/ M4 + 4coM2 + 3M2,
M1M +963M2—02M —402M1

-1 =12 ) +12 41

Figure: big and medium skeleton over baryon octet
@ ~» polynomial relations between I3 and Y in baryon octet
Y(2l3-1)(2k+1)=0
41 +3lgY? —4l3 =0
16l; — 1615 +3Y2 =0



