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Geometric properties of B+

@ Gr:=PGL,((z))/PGLy[[2]] affine Grassmannian of GY=PGL,,
o Gr* := PGLj[[z]]z* c Gr affine Schubert; Gr** = Gr(k, n)
@ (Bezrukavnikov—Finkelberg 2008) describe the graded

Hae, -algebra Hay, (Gr) & IHE, (Gr*) as module over it ~>

Corollary (Hausel 2022)

Hae, (Gr) = MH as H, -algebras
Endye. (G (IHpoL,(Gr)) = O
IH3s, (Gr*) = B as MH-modules

~» graded H2. -algebra structure on IH2:, (Gr*)
PGL, PGL,

o for u minuscule HZ'(G/P,) = C* = HZ,(Gr*) = HZ,(G"/P))
o for u weight multiplicity free H3*(X,) = C* = HZ, (Gr*)
e.g. G =SLp, X, = P(V¥) ~ H5 (P(V¥)) = C = HZ, (Gr*)
o for non-weight multiplicity free u topological/geometrical
description of ring structure on IHggLn(Gr”) is open
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Visualizing big algebras
@ Spec(8B*) affine scheme finite flat / Spec(Hé*) ~q//G=t//W
@ base changing to a principal SLy; —» G subgroup
Bﬂ — BH ®H2* ZI’i and MlSlL — M ®H2*
prmc:pal big and medlum algebras
@ big skeleton: Spec( SL2) — Spec(Hgi )= A
medium skeleton: Spec(M’S‘LZ) — Spec(HZ* )= A
big, medium principal spectrum: Spec(B”o), Spec(M"O)
where hg € slo = (&g, hg, fp) C g is principal semisimple
Theorem (Hausel 2023)
@ Spec(8;, ) reduced of length dim(V*)
O Spec(M; ) = Spec(p”(U(gn,)) ={1€ X" : V) #0} c t’
Q@ Mg, = Rees(F) = & ciFiR where F filtration on R = M},
@ multiplicity algebra Q' = lime_o Spec(BY, )1 = IH*(W*)
where W' := G} (C[[z"]])z* N Gr* affine Grassmannian slice

V.

@ 3~ (Ginzburg, 2008) H**(Gr") = M, as assoc. graded of F
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© (Hausel-Rychlewicz 2022) computes HZ (P") = 8™ (slp)

B (slp) = (C[cz,M1]/((M12 +n?c) ... (M2 + 402)M1) for n even;
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© (Hausel-Rychlewicz 2022) computes HZ (P") = 8™ (slp)

B (slp) = (C[cz,M1]/((M12 +n?c) ... (M2 + 402)M1) for n even;
2) = Clea, Mi]/((M2 + nPez) ... (M + 9¢2)(M2 + cz))  for n odd.

My 0 My 0
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-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.8 -0.6 -0.4 -0.2 0.0

Figure: SpecB (slp) = SpecHg; (P*) & SpecB°(sl) ECZSpecHgi2 (PS).
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@ (Panyushev 2004) ~» B“1(sl3) = Hgis(Pz) or Cayley-Hamilton

~ B (513) = (C[Cz, Cs, I\/’1]/(I\/Ii3 + oMy + C3).
° Hglts = C[C2,03] i Hgiz = C[Cg]

(€2, ¢3) - (4¢2,0) c2(ho) = -4, c3(hg) =0
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@ (Panyushev 2004) ~» B“1(sl3) = Hgis(Pz) or Cayley-Hamilton

~ B (513) = (C[Cz, Cs, I\/’1]/(I\/Ii3 + oMy + C3).

° Hglts = C[C2,03] il Hgiz = C[Cg]

(Cz, C3) = (402,0)
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Figure: SpecB“1 (sl3), its skeleton and principal spectrum



Picture of Spec(8“'(sl3)), its skeleton and quarks

@ (Panyushev 2004) ~» B“1(sl3) = Hgis(Pz) or Cayley-Hamilton

~ B (513) = (C[Cz, Cs, M1]/(M13 + oMy + C3).

. Hi =Clco,c3] — H3, =Clce]

(Cg, C3) = (402,0)

-5

Cg(ho) = —4, C3(h0) =0

Figure: SpecB“1 (sl3), its skeleton and principal spectrum
@ principal spectrum can be identified with up,strange,down
quarks in Gell-Mann’s eightfold way
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Skeleton of Spec(83“'(sl3)) and baryon decuplet

@ (Hausel-Rychlewic 2022) ~»
3 o 2 ~ 2 2\3 ~
B9 (sla) = HE; (Xa,) = HE; ((F2)°/Ss) =
M} - 6M2ZMz + 4M2cz — 18My c3 + 3M2 — BMaco,
Clez, cs, Mr. MZ]/( MMy + My + 3M2cs — 3My M2 + My Macy -+ 4M; 2 — 9Macy




Skeleton of Spec(83“'(sl3)) and baryon decuplet

@ (Hausel-Rychlewic 2022) ~»
3w ~ |42 ~ |42 213 ~
591 (sl) = HEY (Xau,) = HE; ((F2)°/Ss) =
Mi - BMEMz + 4M2cp — 18My c3 + 3M3 — 6Mac2,
M1 My + M?Cg + 3M1203 - 3Mq Mg + MyMaco + 4My Cg —9Moc3

Clc, c3, My, Mz]/(

S

Figure: skeleton of B3« (5133 over its principal spectrum



Skeleton of Spec(83“'(sl3)) and baryon decuplet

o (Hausel-

Rychlewic 2022) ~»

B (slg) = HEj (X3w1) = Hgp ,((B2)°/Ss) =

Clop, 0o, My, Mo}/ ?i - B6M2 M2+4M202—18M103+3M2 6Moco,
2,3, W, V2 M My + M302 + 3M203 - 3Mq M2 + M1 Moco + 4My 02 —9Moc3
-3/2 -1 —1/2 0 +1/2 -l 32
} t t t 3
N A~ A++

i

Q
Figure: particles in baryon decuplet



Skeleton of Spec(83“'(sl3)) and baryon decuplet

@ (Hausel-Rychlewic 2022) ~»
B3 (sl) = HE; (Xe.w1 ) = HE ((P?)°/S3) =
BM2M; + 4M202 - 18Myc3 + 3M3 — 6Mzco,
Clce: ca. M. MZ]/( M?SMZ + MSCZ + 3M203 - 3M4 M2 + M1 Maco + 4My 02 —9Moc3 )

“3/2 -1 =12 0 +1/2 41 +3/2

3

A+ +4"
uu uu
/ -
S "—*0
Y é;

(
Figure: skeleton over baryon decuplet



Skeleton of Spec(83“'(sl3)) and baryon decuplet

@ (Hausel-Rychlewic 2022) ~»
83w1(513) H2* (X3w1) ~ H2* ((P2)3/83) ~
?5 M2M2 + 4/\/12 co — 18Myc3 + 3M2 6Moco,
MMz + M3cz + 3M203 - 3M M2 + MiMacy + 4M; c2 - 9Mzcs

S RN NS LI L
e 5

Cleco, c3, My, Mz]/(

Q’s
Figure: skeleton over baryon decuplet

@ ~» relations for I3 = (M:‘)ho ndy =" 2)"° in baryon decuplet

l(Y —1)(42 -3Y -4) =0
1615 — 24EY — 165 +3Y? +6Y =0
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Skeleton of Spec(B“1"*2(sl3)) and baryon octet

@ My :=Dcy/2, Mo := Dc3/2, Ny .= D203/2 in Cw1+w2(513)
M N2
B +w2(5[3) = C[CZa Cs, M1 5 N1]/( :’?/ISN;’_—I— C2‘|A‘/’11,3102 9cs My )

M Mo + coMo + 3csMy,
M +w2(513) C[Cg, c3, My, MQ]/ M4 + 4coM2 + 3M2,
M1M + 903M2 - CgM - 4C2M1

iy

Figure: skeleton of M@ 1*2(sl3) and B“1*¢2(sl3) over principal spectra
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@ My :=Dcy/2, Mo := Dc3/2, Ny .= D203/2 in Cw1+w2(513)
M N2
B +w2(5[3) = C[CZa Cs, M1 5 N1]/( ::/ISNj__i_ C2‘|A‘/’11,3102 9cs My )

M Mo + coMo + 3csMy,
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Skeleton of Spec(B“1"*2(sl3)) and baryon octet

@ My :=Dcy/2, Mo := Dc3/2, Ny .= D203/2 in Cw1+w2(513)
2
w1 +w2 ~ 3M +N + 12¢p,
B (SIS) = C[CZa 039 M19 N1]/( M3N1 _1_02,\/’1,\11 9C3M1
M Mo + coMo + 3csMy,
M +w2(513) C[Cg, c3, My, MQ]/ M4 + 4coM2 + 3M2,
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Figure: big and medium skeleton over baryon octet



Skeleton of Spec(B“1"*2(sl3)) and baryon octet

@ My :=Dcy/2, Mo := Dc3/2, Ny .= D203/2 in Cw1+w2(513)
w1 +w2 ~ 3M +N2+1202
B (SIS) = C[CZa Cs, M1a N1]/( M3N1 _1_02,\/’1 Ni — 9¢c3 My
M Mo + coMo + 3csMy,
M +w2(513) C[Cg, c3, My, MQ]/ M4 + 4coM2 + 3M2,
M1M +963M2—02M —402M1

-1 =12 ) +12 41

Figure: big and medium skeleton over baryon octet
@ ~» polynomial relations between I3 and Y in baryon octet
Y(2l3-1)(2k+1)=0
41 +3lgY? —4l3 =0
16l; — 1615 +3Y2 =0
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Corollary (Hausel-Rybnikov 2024)

The I-colored oriented graph on Spec(B’,jo)(C) induced by
monodromy along the nerves ny,, determines a structure of a
p-highest weight Kashiwara crystal, Spec(8), ) — Spec(M;, ) ¢ X*
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@ (Rozhkovskaya 2003) ~»
R commutatives ZH = GH = R & p, w.m.f,, e.g. minuscule

@ p, minuscule < loop rotation C* action on Gr* is trivial ~»

ZH = M & pis minuscules ZH = H;(GY/P))

@ ~» (Higson 2012) generalised Duflo isomorphism

o ZH=H;(GY/P,) was only known for u = w1 standard in
types A, C, D by (Molev 2007) generalised Capelli identities
@ (Rozhkovskaya 2003) computes R¥(sl2) explicitly
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Figure: Spec(R%(slp)).
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Q &), — End(M, ® V*) encodes Kazhdan—Lusztig multiplicities
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Examples of infinitesimal characters in tensor product

M. ® Vowr — PedP_ 4P
My ® Vo = Ps®PsdM 16 Ms

My ® Voo — P_4®P_>® My Mg
2

Pse M40 M &M

Swy
M@V eMs & M,
PooMye M d M,
50, _ P20 My® Mo My
Ms @ V ®&Me & Mg

c
15 0 2

Figure: Spec(R%(slp)).



