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Big commmutative subalgebra of Kirillov algebra

Aim: study algebraic geometric avatar - the spectrum of big
algebra - of irreducible finite dimensional representations of
complex semisimple Lie groups via equivariant cohomology

G semisimple complex Lie group, concentrate on G = SLn

X∗+(G) ∋ µ-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G � Maps(g,End(Vµ))G

associative, graded S(g∗)G � H2∗
G -algebra: Kirillov algebra

e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator

(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
e.g. minuscule

(Panyushev 2004){ when µ minuscule, Cµ � H2∗
G (G/Pµ)

{ finite free over H2∗
G and Cµx ⊂ End(Vµ) cyclic for x ∈ greg

(Panyushev 2004, Hausel 2023){ for µ weight multiplicity
free there is G-invariant Xµ ⊂ P(Vµ) such that Cµ � H2∗(Xµ)

for µ not weight multiplicity free we construct big (maximal)
commutative subalgebra Z(Cµ) ⊂ Bµ ⊂ Cµ
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Construction of big algebra

{Xi} basis for SLn, {X i} dual basis wrt Killing form
D : Cµ → Cµ = (S(sl∗n) ⊗ End(Vµ))SLn

A 7→
∑

i ρ
µ(X i)

∂(A)
∂Xi

Kirillov-Wei operator

ci ∈ C[sln]
SLn � H2∗

SLn
invariant polynomial

tn + c2(a)tn−2 + · · ·+ cn(a) char poly of a ∈ sln
Mi−1 := D(ci) Kirillov’s M-operators medium operators
Mµ := ⟨1Vµ ,M1, . . . ,Mn−1⟩H2∗

SLn
⊂ Cµ medium algebra � Z(Cµ)

Bk ,i−k := Dk (ci) ∈ C
µ big operators of age k and degree i − k

Bµ := ⟨1Vµ , {Bk ,i−k }k ,i⟩H2∗
SLn
⊂ Cµ big algebra ⊃ Mµ

Theorem ( Hausel–Zveryk, Hausel 2022)

Bµ ⊂ Cµ is commutative, cyclic, finite-free /H2∗
SLn

and Gorenstein

proof via a universal big algebra B ⊂ (S(g) ⊗ U(g))G as a
Gaudin algebra from (Feigin–Frenkel, 1992)
cyclicity follows from (Feigin–Frenkel–Rybnikov 2006)
in quantization of Mishchenko-Fomenko integrable systems
{ Bµ is a quantum integrable system
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Geometric properties of Bµ

Gr := PGLn((z))/PGLn[[z]] affine Grassmannian of G∨=PGLn

Grµ := PGLn[[z]]zµ ⊂ Gr affine Schubert; Grωk = Gr(k , n)
(Bezrukavnikov–Finkelberg 2008) describe the graded
H2∗

PGLn
-algebra H2∗

PGLn
(Grµ) & IH2∗

PGLn
(Grµ) as module over it{

Corollary (Hausel 2022)

H2∗
PGLn

(Grµ) �Mµ as H2∗
PGLn

-algebras
EndH2∗

PGL(Grµ)(IH
2∗
PGLn

(Grµ)) � Cµ

IH2∗
PGLn

(Grµ) � Bµ asMµ-modules
{ graded H2∗

PGLn
-algebra structure on IH2∗

PGLn
(Grµ)

for µ minuscule H2∗
G (G/Pµ) � Cµ � H2∗

G∨(Grµ) � H2∗
G∨(G

∨/P∨µ )

for µ weight multiplicity free H2∗
G (Xµ) � Cµ � H2∗

G∨(Grµ)
e.g. G = SL2, Xµ = P(Vµ){ H2∗

SL2
(P(Vµ)) � Cµ � H2∗

PGL2
(Grµ)

for non-weight multiplicity free µ topological/geometrical
description of ring structure on IH2∗

PGLn
(Grµ) is open
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Picture of Spec(Bω1(sl3)), its skeleton and quarks

(Panyushev 2004){ Bω1(sl3) � H2∗
SL3

(P2) or Cayley-Hamilton
{ Bω1(sl3) � C[c2, c3,M1]/(M3

1 + c2M1 + c3).

H2∗
SL3
� C[c2, c3] → H2∗

SL2
� C[c2]

(c2, c3) 7→ (4c2, 0)
c2(h0) = −4, c3(h0) = 0

Figure: SpecBω1(sl3), its skeleton and principal spectrum
principal spectrum can be identified with up,strange,down
quarks in Gell-Mann’s eightfold way
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Skeleton of Spec(B3ω1(sl3)) and baryon decuplet

(Hausel–Rychlewic 2022){
B3ω1(sl3) � H2∗
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((P2)3/S3) �
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M3
1M2 + M3

1c2 + 3M2
1c3 − 3M1M2

2 + M1M2c2 + 4M1c2
2 − 9M2c3

)

Figure: skeleton over baryon decuplet

{ relations for I3 =
(M1)h0

4 and Y =
(M2)h0

4 in baryon decuplet

I3(Y − 1)(4I23 − 3Y − 4) = 0
16I43 − 24I23Y − 16I23 + 3Y2 + 6Y = 0
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Skeleton of Spec(Bω1+ω2(sl3)) and baryon octet

M1 := Dc2/2, M2 := Dc3/2, N1 := D2c3/2 in Cω1+ω2(sl3)

Bω1+ω2(sl3) � C[c2, c3,M1,N1]/
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1 − 4c2

2 M1

)

Figure: big and medium skeleton over baryon octet

{ polynomial relations between I3 and Y in baryon octet
Y(2I3 − 1)(2I3 + 1) = 0
4I33 + 3I3Y2 − 4I3 = 0
16I43 − 16I23 + 3Y2 = 0
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Nerves and crystals in big algebra

h0 ∈ h+ ⊂ tR in dominant Weyl chamber
for J ⊂ I := {α1, α2, . . . , αn−1} face of dominant Weyl chamber:
hJ+ := {χ ∈ hR|αi(χ) > 0 if i ∈ J and αi(χ) = 0 o.w.}
hJ = prhJ+(h0) orthogonal projection to hJ+
lJ = h0hJ ⊂ hR real segment connecting h0 and hJ

J-nerve is the real curve nJ := π−1
µ (lj) ⊂ Spec(Bµ)

for πµ : Spec(Bµ)→ Spec(H2∗
G ) � h//W

monodromy along n{αi } { Spec(Bµh0
)(C)→ Spec(Bµh{αi }

)(C)

+ height function (M1)h0 : Spec(Bµh0
)(C)→ Z{

oriented graph on set Spec(Bµh0
)(C)

(Halacheva–Kamnitzer–Rybnikov–Weekes 2020){

Corollary (Hausel–Rybnikov 2024)

The I-colored oriented graph on Spec(Bµh0
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µ-highest weight Kashiwara crystal, Spec(Bµh0

)→ Spec(Mµh0
) ⊂ X∗

corresponding to the weight map.
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Quantum big algebra

(Kostant, 1978){ Rµ := (U(g) ⊗ End(Vµ))G Kostant algebra,
associative, over Z := Z(U(g)) = U(g)G

standard U(g) = ∪∞p=0Up(g){U(g) = S∗(g) and Rµ � Cµ

symmetrization π : S∗(g) �g−mod U(g){ U(g) =
⊕∞

p=0 Up(g)
∆ : U(g)→ U(g) ⊗ U(g) = U(g ⊕ g) diagonal map from
∆ : g → g ⊕ g

x 7→ x ⊕ x
, ∆µ := ρµ ◦∆ : U(g)→ U(g) ⊗ End(Vµ)

z ∈ Zk = π(Sk (g)G) ⊂ Z {∆µ(z) ∈ Rµ

∆µ(z) = ⊕pDp(z)/p! with Dp(z) ∈ (Up(g) ⊗ End(Vµ))G

Zµ := ⟨Z , {∆µ(z)}z∈Z ⟩ quantum medium algebra
G = SLn, Gµ := ⟨{Dpπ(ck )}p≤k≤n⟩ ⊂ R

µ quantum big algebra

Theorem (Hausel 2024,Hausel–Zveryk 2022, Nakajima 2023)

1 Zµ = Z(Rµ), Zµ �Mµ

2 Gµ ⊂ Rµ maximal commutative , Gµ = Bµ ⊂ Cµ

3 Z
µ
ℏ
� H∗G∨

ℏ

(Grµ), Rµ
ℏ
� End∗HG∨

ℏ
Grµ(IH

∗

G∨
ℏ

Grµ), Gµ
ℏ
�Zµ IH∗G∨

ℏ

(Grµ)

R = ∪pRp { Rℏ := ⊕ℏpRp &G∨
ℏ
� G∨ × C× &Zℏ � H∗G∨

ℏ

Duflo
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Examples

(Rozhkovskaya 2003){
Rµ commutative⇔Zµ = Gµ = Rµ ⇔ ρµ w.m.f., e.g. minuscule

ρµ minuscule⇔ loop rotation C∗ action on Grµ is trivial{

Corollary

Zµ �Mµ ⇔ µ is minuscule⇔Zµ � H∗G(G
∨/P∨µ )

{ (Higson 2012) generalised Duflo isomorphism

Zµ � H∗G(G
∨/P∨µ ) was only known for µ = ω1 standard in

types A ,C ,D by (Molev 2007) generalised Capelli identities

(Rozhkovskaya 2003) computes Rµ(sl2) explicitly
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(Rozhkovskaya 2003)’s example of sl2 Kostant algebra

Rnω1 � C[C2,M1]/(
∏n

i=1(M1 − 4(j2 − n/2− jn+(n/2− j)
√

C2 + 1)))

R5ω1(sl2) � C[C2,M1]/
((M2

1 + 20M1 − 100C2)(M2
1 + 52M1 − 36C2 + 640)(M2

1 + 68M1 − 4C2 + 1152))

Figure: Spec(R5ω1(sl2)).
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Endomorphisms of tensor product Mλ ⊗ Vµ

λ ∈ h∗ { Mλ Verma module
with infinitesimal character χ : Z → C

R
µ
χ = R

µ/(ker χ)=(U(g)/(ker χ)⊗End(Vµ))G=End(Mλ ⊗Vµ)G

(Kostant 1978), (Bernstein–Gelfand 1980){

Corollary (Hausel 2024)

Zµ = Z ⊗ Z/
(Q ∈ Z ⊗Z ⊂ C[h∗×h∗]|Q(λ, λ+µi) = 0;∀λ ∈ h∗, µi ∈ Weights(Vµ))

Conjecture (Hausel 2024, Stroppel 2003)
1 Z(Rµχ) = Z

µ
χ { Z ↠ Z(End(Pλ)) ∀ projective indecomposable Pλ

2 λ ∈ h∗ { χλ s.t. Zµχλ has a component � Z(End(Pλ)) � H∗(Xλ)
where Xλ ⊂ G/Pλ finite Schubert variety

3 G
µ
χλ → End(Pλ) � EndH∗(Xλ)(IH

∗(Xλ)) induces a maximal
commutative cyclic subalgebra and a ring structure on IH∗(Xλ)

4 G
µ
χλ → End(Mλ ⊗ Vµ) encodes Kazhdan–Lusztig multiplicities
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Examples of infinitesimal characters in tensor product

M−1 ⊗ V5ω1 = P−6 ⊕ P−4 ⊕ P−2

M0 ⊗ V5ω1 = P−5 ⊕ P−3 ⊕M−1 ⊕M5

M1 ⊗ V5ω1 = P−4 ⊕ P−2 ⊕M4 ⊕M6

M2 ⊗ V5ω1 =
P−3 ⊕M−1 ⊕M1 ⊕M3

⊕M5 ⊕M7

M3 ⊗ V5ω1 =
P−2 ⊕M0 ⊕M2 ⊕M4

⊕M6 ⊕M8

M

Figure: Spec(R5ω1(sl2)).


