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Abstract We prove a generating function formula for the Betti numbers of
Nakajima quiver varieties. We prove that it is a g-deformation of the Weyl-
Kac character formula. In particular this implies that the constant term of the
polynomial counting the number of absolutely indecomposable representa-
tions of a quiver equals the multiplicity of a certain weight in the correspond-
ing Kac-Moody algebra, which was conjectured by Kac in 1982.

Let I' = (I, E) be a quiver that is an oriented graph on a finite set I =
{1,...,n} with E C I x I afinite multiset of oriented (perhaps multiple but no
loop) edges. Given two dimension vectors v = (v;) € N/ and w = (w;) € N/
Nakajima [13, 14] constructs, as holomorphic symplectic quotient, a complex
variety M (v, w) of dimension 2dy y, which we call a Nakajima quiver vari-
ety. In [15] Nakajima found a combinatorial algorithm to determine the Betti
numbers of these varieties.

Here we prove and study the following generating function of Betti num-
bers of Nakajima quiver varieties.

Theorem 1 Fix w € N/, Denote b;(M(v, w)) := dim(H! (M(v, w))). Then
in the notation of (18), (21), (24)
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The method of the proof is, as announced in [4], arithmetic Fourier
transform for holomorphically symplectic quotients. It proceeds by counting
points of M (v, w) over finite fields IF, using a Fourier transform technique,
then showing that the mixed Hodge structure on H*(M (v, w)) is pure and
concludes by applying Katz’s result [6, Appendix, Theorem 6.2] connecting
the arithmetic and the cohomology of so-called polynomial-count varieties.

The other theme of this paper is a combinatorial study of the formula (1).
Using the main result of [14] we prove that the Weyl-Kac character formula
is the g = 0 specialization of (1). We then interpret Hua’s formula [7, Theo-
rem 4.9] as a g-deformation of the Kac denominator formula for the denomi-
nator on the RHS of (1). This in particular implies for o € N’ that the constant
term of Kac’s A-polynomial counting absolutely indecomposable representa-
tions of a quiver of dimension « over a finite field agrees with the multiplicity
of « in the Kac-Moody algebra g(I") associated to the quiver. This completes'
a proof of Kac’s [10, Conjecture 1]. This conjecture was known for finite and
tame quivers [10], and for all quivers with « indivisible [1] by study of similar
quiver varieties, but was not fully known for any single wild quiver.

1 Arithmetic Fourier transform
1.1 Fourier transform over finite vector spaces
Let K be the finite field F, on ¢ = p” elements, where p is a prime. Let V

be a finite dimensional vector space over K. Consider the finite abelian group
underlying V. The set of characters

Vi={x:V->C*| x(vj —v2) = x (1) x(v2) "' forall v, w € V}

L After this result and Theorem 1 were announced in [4] Mozgovoy in [12] found an alternative
proof of Theorem 1 by combining [1] and [7]. Our proof is independent of [1] and gives a more
general approach to calculate the Betti numbers of holomorphic symplectic quotients of vector
spaces by linear actions of reductive groups.
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Kac’s conjecture from Nakajima quiver varieties 23

forms a K-vector space by the definitions x — ¥ = x¥ !, and ax(v) =
x (axv), where « € K and v € V. We have |V | = |f/\|, where |S| denotes the
cardinality of any finite set S. The orthogonality relations on characters of
finite abelian groups say that

> 0@ = {(')V' 1=

ow
veV

and dually

VI vi=-v
Zx(vl)x(vz>:{'0' U=
xeV

__The Fourier transform of a function f : V — C s defined to be the function
f:v—>=C

FOO=1VIT2Y " f)x ).

veV
With this definition we find that for any 1, x2 € v

X102 =1V e = VIV, ().

veV

where for any element of any finite abelian group w € W, we denote the delta
function &, : W — C, given by §,,(v) = 0 unless v = w when 3, (w) = 1.
Thus for any x € V we have

x=1VI"%s_. )

We can think of an element v € V as a character v: V — C* given by

v(x) = x(v), th/i§ way we can identify V = V. Thus the Fourier transform
of a function g : V — C becomes g : V — C with the formula

g =1VIT2 Y e(x ).

xeV

Forany f :V — C and x € V we have the Fourier Inversion Formula

FO=I' 3 r@x0xw

veV Xe‘?

= V7Y F@)IVI8042(0) = f (). 3)

veV
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24 T. Hausel

In order to identify V with V* we fix W : K — C* a non-trivial additive
character in the remainder of the paper. For w € V* we consider the character
Xw : V — C* which at v € V is given by yxy,(v) := ¥ (w(v)). Consider the
map 7y, : V — K given by my, (v) = w(v). When w 5 0O the linear map my, is
surjective and so

Y@= Y W) =) |kerm,|¥(x) =0,

veV xeKmy, (v)=x xek

as W is a non-trivial character of K; therefore x,, # xo and so xw, = xw, if
and only if w; = wy. Thus w — x,, indentifies

V* = (wlwevs =V @)
because |V*| = |V| =|V]|.
1.2 Counting solutions of moment map equations over finite fields

Let G be an algebraic group over K, g its Lie algebra. Consider a represen-
tation p : G — GL(V) of G on a K-vector space V, inducing the Lie algebra
representation o : g — gl(V). This induces an action p : G — GL(M) and
0:9g— gl(M) on M =V x V*. The vector space M has a natural symplec-
tic structure; defined by the natural pairing (v, w) = w(v), with v € V and
w € V* by the formula:

w((v1, wi), (v2, w2)) = wa(vy) — wi(v2).
With respect to this symplectic form a moment map
w:Vx V" — g*
of p is given at x € g by
(v, w), x) = (e(x)v, w). )

This p is indeed a moment map because if for an x € g we introduce f* :
M — K by

[, wr) = (i, wi), x) (6)
and take the constant vector field Y on M given by (va, wz) € M then

df();lawl)(y) =Y f* (v, wy) =Y {(e(x)v, wy)
= (0(x)v2, w1) + (0 (x)v1, W2)
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Kac’s conjecture from Nakajima quiver varieties 25

= —(v2, 0" () w1) + (e(x)v1, w2)
=w(@x) (v, wy), (v2, w2)), @)

which is the defining property of a moment map.
Our main proposition determines

HuE) = D Suwan(®)
(v,w)eM

the number of solutions (v, w) € V x V* of the moment map equation
w(,w) = & for a fixed & € g*. The main observation is that the Fourier
transform of #, : g* — C considered as an N C C-valued function on g*
is a simple function on g. Indeed for x € g we find

/#u(x): Z S\u(v,w)(x):|g|l/2 Z Xu(v,w)(_x)

(v,w)eM (v,w)eM

=1gl'? Y w(u@w),-x) =g Y W(a(=x)v,w))
(v, w)eM (v,w)eM

=1g1"?Y " > xwlp(=x)v) =gV Y So(p(—x)v)
veVweV* veV

= lgI"/*[V]a,(—x) ®)

where we used the notation a, : g — N C C given at x € g by

ag(x) =Y So(p(x)v) = |ker(o(x))]. ©)

veV

In particular a, (X) is always a power of g. Taking Fourier transforms of both
sides of (8) and using (3) we get our main proposition:

Proposition 2 The number of solutions of the equation u(v, w) = & over the
finite field ¥, equals:

#H(v, w) eM | p(v, w) =&} =#,(&) =gl *|V[a, &)
=117 V) ap(x)W((x, £)).
xXeg
2 Nakajima quiver varieties

These varieties were introduced and studied in [13, 14], here we go through
the definitions and for the sake of self-containedness we reprove some results
we need later.
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26 T. Hausel

Let I' = (I, E) be a quiver, i.e. an oriented graph on a finite set I =
{1,...,n} with E C I x I a finite multiset of oriented (perhaps multiple and
loop) edges. We will think of E as an abstract finite set together with source
and target maps s, ¢ : E — [ so that the oriented edge e = (s(e),t(e)) € I x I.
To each vertex i of the graph we associate two finite dimensional K vector
spaces V; and W;. We call (vy,...,v,, wi,...,W,) = (v, w) the dimension
vector, where v; = dim(V;) and w; = dim(W;). To this data we associate the
grand vector space:

Vy.w =P Hom(Vs(e). Vi) ® @D Hom(W;, Vi),

ecE iel

the group and its Lie algebra

Gy= X GL(V)

iel

oy =EPal(vi),

iel

and the natural representation
Pv,w - Gy — GL(VV,W)a

with derivative

ov,w: gy —> gl(Vy w).

The action is from both left and right on the first term, and from the left on
the second. We will also need the double representation

Py.w = Pyv,w X Py : Gy = GL(Vy  x V§ 1),
with derivative:
Ov.w = Ov,w D 0y 1 v = gI(Vyw X VG ).
Concretely, if (v, w) € Vy w x V{ | is given by
(Ae, 1i, Be, Ji)ecE icl, (10)
where A, € Hom(Vy), Vi(e)), Be € Hom(Vi(e), Vs)) for e € E, I; €
Hom(W;, V;) and J; € Hom(V;, W;) fori € I and g = (g;)ics € gy, Where

gi € GL(V;) and finally x = (x;)ics € gv, Where x; € gl(V;) then
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Kac’s conjecture from Nakajima quiver varieties 27

Pyv.w(@) W, w) = (ov,w(g)(V), py (&) (W)
-1 -1 -1
== (gt(e)Aegs(e)» gilia gs(e)Begl(e), ng )GGE,iEI,’
and

Oy,w () (v, W) = (0v,w(x) (V), 0y y () (W))

= (X1(e)Ae — AeXs(e)s Xili, Xg(e) Be — BeXy(e), —J Xi)ecE, icl-

1D

We now have Gy acting on Mly yw = Vy w X V;",,w preserving the symplectic
form with moment map

Mv,w :Vv,w X Vt,w - g:
given by
(v,.w(v, w), x) = (Oy,w(x)v, w). (12)

Concretely if (v, w) € Vy w X Vy y is given by (10), then we can choose

*

uv,w<v,w)=(1,-1i+ Y BAc— ), AeBe) egy, (13)

ees—1(i) eet—1(i) iel

where we identify any element x = (x;);e; € gy With the linear form x* :
gv — K given by

x*((yi)ier) = Ztr(xiy,-) e K.
iel
Lemma3 Letw =0andv e N! arbitrary. For . € K* let )1y = (Aldy,, ...,
Ady,) € gy. Further assume char(K) { ) ,_,v; or equivalently Og #
1k (X_;— Vi). Then the equation iy o(v, w) = 15 has a solution if and only
ifv=0.

Proof As w=0Dby (11) we have gy ¢(1y)(v) = 0. Now assume py o(v, w) =
A1 then by (12) we have

2 Vi = (v 0 (v, w), 1) = (ov.0(1y)v, w) =0,

thus char(K) | Y ;, vi. O
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28 T. Hausel

Proposition 4 Let w,v € N arbitrary and char(K) = 0 or char(K) >
Y i Vi- For A e K*, and a solution

ty,w(v, w) =215 (14)
assume that for a x € gy

Oyw(x)(v, w) =0 (15)
then x = 0.

Proof Let V! :=im(x;) < V; with dimension v;. As 9, ,,(x)(v, w) =0 we
have that J;x; =0 forall i € I and so J; is zero on Vl/ < V;. On the other hand
we also have that x;) A, — Aexgs(e) = 0 which implies that A, maps Vs/ © =
Vs(e) 0 V) < Vi(e) and similarly B, maps V/,, < Vi) t0 V{,) < Vy(e).
Finally A1} restricts to )\1:‘;,. Thus a solution of (14) reduces to a solution
of py o', w') = A17,. By our assumption on the characteristic of K and

Lemma 3 we have that ) _;; v; = 0 or equivalently x = 0. O

Corollary 5 Let w,v € N arbitrary and char(K) = 0 or char(K) > Y ;; V.
Assume that a solution of (14) is invariant under g € Gy, then g = 1.

Proof We have py (g)(v, w) = (v, w) and so g — 1y € gy satisfies 0y (g —
1y) (v, w) = 0 thus Proposition 4 implies g = 1. O

Corollary 6 Let w,v € N/ arbitrary and either char(K) = 0 or char(K) >
Y ics Vi- Then the derivative

T(v,w)ﬂv,w . T(v,w)Mv,w - Tuv.w(v,w)g:k; (16)

is surjective if and only 0y v (x)(v, w) = 0 implies x = 0. In particular at a
solution (v, w) of (14) the derivative (16) is surjective.

Proof The map Ty, )y, w 1s not surjective if and only if there exists 0 # x €
gy such that for all ¥ € Ty )My w

0=Tw,uyvw@) f*=Y(uvwo f1)=df*(¥) =w@x)(v,w),Y),

which holds when g, ,(x)(v, w) = 0, @ being non-degenerate. Here f* is
the function defined in (6) while the last equation follows from the moment
map property (7). This proves the first statement.

The second statement follows from the first and Proposition 4. O
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Kac’s conjecture from Nakajima quiver varieties 29

Now we assume K is algebraically closed and either char(K) =0 or
char(K) > > " vi. (17)
iel
For A € K we take A1y = (Aldy,, ..., Aldy,) € (gj‘,)GV, and define the affine
variety
Vo (v, W) = gy (A1),
For [ € Z we define the character x! : Gy — K* by Xl(g) =TI1;¢s det(gi)l.
With these we can define

K[V, (v, w)] 5%
= {f e KV(v, Wl f(g(x) = x'(g) f (x) for all x € Vi (v, W)},

so P, en K[Va (v, w)]GV’Xln becomes an N-graded algebra and so we can de-
fine the Nakajima quiver variety [14] as the GIT quotient:

M ;. (v, w) = Proj (@ KW (y, w)]Gv,xln)

neN

For now we note that as an affine GIT quotient
Mo, (v, W) = Spec(K[Vi (v, WIP) = Vi (v, w)//G,

is an affine variety. Exactly as in [14, Corollary 3.12] we get that M (v, w)
is non-singular of dimension

2y = 2(2 Vi) Vi) + D Vi(Wi — v») (18)

ecE iel

for all A. We also have

Lemma 7 For A # 0 the variety My (v, W) is non-singular of dimension
2dy,w and hence M ; = My ;.

Proof First we note that by Corollary 6 at a solution of (14) the derivative (16)
surjective. This shows that V) (v, w) = Ky, iv()\lv) is non-singular of dimen-
sion dim(My,w) — dim(gj). Now by Corollary 5 the action of Gy on V; (v, w)
is free, and therefore the quotient My ; = V; (v, w)//Gy is non-singular of
dimension dim(Vy (v, w)) — dim(Gy) = 2dy, w.

Finally by the GIT construction we have the map M ; (v, w) — My ;,
which is proper and a resolution of singularities. Consequently it is an iso-
morphism. g
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30 T. Hausel

Theorem 8 When K = C the mixed Hodge structure on the isomorphic co-
homologies H*(M,0(v, W)) = H*(Mo,1(v, w)) is pure.

Proof The proof is similar to [5, Proposition 2.2.6]. We define the map u :
My, w x C — g; by

,l,L('U, w, Z) = MV,W(U7 w) - Zli{;

We then take V := ;=10 and define:

M := Proj (EB (C[V]GV’Xn),

neN

where we extended the Gy action trivially over C. The forgetful map
f(v,w,z) =z induces a map f : M; — C. Now, similarly to [14, Corol-
lary 3.12], one can prove that M is non-singular. Also f is a submersion as
9, = 1y. Finally we have the C*-action

A, w, 2) = (W, Aw, A%7) (19)

descending to a C*-action on M. We have the natural C*-equivariant
proper map M| — My where Mg := Spec[V]% is the affine GIT quo-
tient, with the C*-action given by (19). It is clear that the fixed point set
My w x (C)(CX = {0} consists of the origin, and also that every C*-orbit on
My w x C will have the origin 0 in its closure. It follows that the C* action
on My will have a single fixed point—the image of 0 by the quotient map-
and all C*-orbits on M will have this single fixed point 0 in their closure.
It follows that ./\/l(lcX is proper and for any x € M) the lim,_, ¢ zA exists. The
statement now follows from [5, Appendix B]. U

Now we can determine the Betti numbers of quiver varieties.

Proof of Theorem 1 The strategy of the proof is the following (cf. [6, §2.1,
Appendix], [5, §2.5]). First we construct a spreading out of My (v, w)/C. In
other words we construct a scheme ) over a finitely generated Z-algebra R
together with a homomorphism ¢ : R — C, such that the extension of scalars
gives V, = My, 1 (v, w)/C. Then for any homomorphism ¢ : R — F, to finite
fields we will use Proposition 2 to count the number of rational points Y, (F,)
and find it is a polynomial E(g) in g. Then Katz’s [6, Theorem 6.1.2.3]
will imply that the so-called E-polynomial satisfies E(Mog 1(v, w); x,y) =
E(xy). Combining Theorem 8 and [5, Proposition 2.5.2] we can deduce that

E(q)=Y_ by(Mo1(v,w)/C)gh»~T,

which will yield Theorem 1.
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Kac’s conjecture from Nakajima quiver varieties 31

Solet D =) v; and let R := Z[ﬁ]. The choice of R will ensure that
there is a homomorphism ¢ : R — K if and only if char(K) satisfies (17).
We can now construct everything My w(R) Gy(R) and g} (R) over R, so that
we will have pyw : My w(R) — g5(R). The easiest is to think in terms of
the explicit form (13) for uy w. Let X be the closed affine subscheme of
My, w(R) given by the equations iy w(v, w) = 1y. This is clearly a spreading
out of V(v, w)/C. We can now define ) = Spec(R[X]9®)). As the natural
map ¢ : R — C is a flat morphism [16, Lemma 2] implies that ) is indeed a
spreading out of M 1(v,w)/C. Now if ¢ : R — [F, a homomorphism then
by Corollary 5 Gy(IF,) acts freely on Vi (v, w)(IF;) so we have (cf. [6, proof
of Theorem 3.5.1]) that

Vi(v, w) ()|

]F =
Vo o)l IGv(F,)|

For w € I we will determine the grand generating function

O (w) = Z WVi(v, w)(Eg)| gyl X' Z Z Aoy o (X)W (try(x)) o

Z TG E awl AT Gy
_ Z Z aQV'W(x|)Clp|(trV(X))XV. 20)

velN [x]egy/Gy

Here we first applied our main Proposition 2 to get

VLV, W) F| = lav| ™ Vywl D g, ()W ((x, 17)),

XEPy

and then rewrote the sum over gy /Gy the set of Gy orbits on gy with C, C Gy
standing for the centralizer of x. We also used the notation

x'=[]x" 2D

iel

To understand now (20) we should recall some basic linear algebraic facts
for the collection x = (x;);c; of linear endomorphisms. Any linear en-
domorphism x; € gl(V;) decomposes as xl?‘“ &) xireg on the decomposition
Vi = N(x;) ® R(x;), where N(x;) =ker(x]") and R(x;) =im(x."). By con-
struction xl.reg will be a non-singular transformation on R(x;), while x}““ will
be nilpotent on N (x;). Similarly to [2, Lemma 1] it is straightforward to
check that if ¢ € ker(oy,w(x)) C Vy w then ¢ preserves the decomposition
Vi = N(x;) ® R(x;) and W; = W; @ 0. Consequently, we have a,, , (x) =
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32 T. Hausel

annil W (x ml)anregqo (x reg) ) Similarly

W (try(x)) = W (trymi (X" 1) W (tryres (x7°8)) = W (tryee (x™2))
as tryni (x"1) = 0, and clearly |C,| = |C nit]|Cxree|. Finally observe that if
x = x" is nilpotent W (try(x)) = 1.
Now we can factor (20) as

D (W) = Ppij (W) Dreg- (22)

Here we used, for a dimension vector w € I, the generating functions
an,w(x) v
Dpit (W) = Z Z TX
velN [x]e(gy/Gy)m! !

and

<I>reg=Z Z Agy o (X)W (try(x)) X

veIN [x]€(gy/Gy)™e 1Cx|

Finally we note, that when w = 0 Lemma 3 implies that ®(0) = 1 and so
(22) yields @rep = m, giving the result

_ Dnir(w)
Pl = @41 (0)

(23)

We are left with understanding ®p;(w), which reduces to some explicit for-
mulae for which we will need some new notation.

Let Vi and V, be finite dimensional [, vector spaces of dimension v
and v, respectively. Let Al = (A", kg, ...) be a partition of v;, i.e. v; = )Ji +
)»3 +--- and )JAl > )\é > ... are positive integers. Let x; € gl(V;) be a nilpotent
endomorphism of type A’, in other words a nilpotent endomorphism with
Jordan normal form consisting of nilpotent Jordan blocks of size A’. If C X =
{g € GL(V;)|gx; = x; g} denotes the centralizer of x; then it follows from [7,
Theorem 3.4]

o mi (A1) .
Col =¢™ ' T [T A-a.
ko j=1

where my(%;) is the multiplicity of the part k in the partition A;, i.e.
Ai = (M@ 2maGh -y in the multiplicity notation of partitions. Further-
more for any two partitions A! = (lml(kl), 2’”20‘1), ...) and A% = (1m1(>»2)’
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Kac’s conjecture from Nakajima quiver varieties 33

2 .
2m2 (%) ) we use the notation

(1A% =Y minG, jymi (W ym;(03). (24)
ivj

Then it follows from [7, Lemma 3.3] that
(A € Hom(Vy, V)| AX| = XpA)| = ¢+,
In particular when A, = (1"2) i.e. X» =0, we get
[{A € Hom(Vy, V2)|AX; =0} = ¢*"1").

These results put together lead to the required combinatorial formula:

s(e) yt(e) i Vi
Oy (W) = Z TTecza™ " DTics g™
ni - "
i i (Ah) i
reP! ]_[iel(q<A A l_[k l_[',"i] (I—gq77))

Via (23) we obtain a formula for the generating function for [V (v, w)(F,)|.
This shows that [V (v, w)(IF,)| is a rational function in ¢, but as it is an in-
teger for any prime power ¢ (satisfying (17)) it has to be a polynomial in gq.
Therefore Katz’s [6, Theorem 6.1.2.3] applies and yields Theorem 1. O

XM,

3 Solution of Kac’s conjecture

A representation of I' over a field K is a collection of finite dimen-
sional K-vector spaces {V;}ic; and linear maps {@.}c.cg such that ¢, €
Homg (Vi(e), Vie)). The dimension vector o € N/ encodes the dimensions
o; = dimg (V;). The building blocks of representations of I' are the indecom-
posable ones, that is ones that cannot be written as a non-trivial direct sum
of two representations. Kac proved in [9, Theorems 1, 2] that there exists an
indecomposable representation of I' of dimension vector « if and only if « is
aroot of a certain Kac-Moody Lie algebra g(I") associated to I'.

When the field K is not algebraically closed, like the finite fields [, we
will focus in this paper, then it is natural to study absolutely indecomposable
representations of I', that is ones that are indecomposable over the algebraic
closure K. Kac in [10] introduced the number Ar(c, q) of indecomposable
representations of I' over the finite field K = [F, of dimension vector «. He
proved [10, Proposition 1.5] that Ar(w, ¢g) is a polynomial in g with integer
coefficients. He went on to conjecture [10, Conjecture 1] that the constant
term of this polynomial Ar(«, g) captures more information on the associated
Kac-Moody Lie algebra:
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34 T. Hausel

Conjecture 1 (Kac) The constant term
Ar(a,0) =mq
equals the multiplicity of the weight « in g(I').

The Kac-Moody algebra [8] is constructed from the Cartan matrix of the
quiver as an analogue of a simply-laced simple Lie algebra, which arise from
the ADE Dynkin diagrams. Instead of giving details of that construction we
give a combinatorial definition of the numbers m,. Let («;);<; be the standard
basis of Z!. Define a bilinear pairing on Z! by setting (o, aj)=208;j — %,
where b;; is the number of edges of I" between i and j. One defines the reflec-
tions r; : Z! — Z! by r;(A) = A — 2(A, a;)er;. The subgroup W = ((r;)ies) C
Aut(Z') generated by these reflections is the Weyl group. Extend now the ac-
tion of W to the lattice Z! @ Zp by r;(p) = p — «;. For any w € W we have
p—w(p) e NI\ {0}. Soifforana =", kia; € Z! we write X* =[], X{.‘i
then we can write the product expansion of the following sum

Z det(w)XP P = ]_[ (1 — X%)Me, (25)

wew aeNV

defining the integers m,. When m,, is defined through the usual route as the
multiplicity of the weight « in g(I'), (25) is called the Kac denominator for-
mula.

There is a similar generating formula encoding the coefficients of the A-
polynomial due to Hua [7]. If Ar (e, q) =) 5 t;?‘qj then we have [7, Theorem
4.9]

Theorem 9 (Hua) Iffor a collection of partitions .. = (A)ies € P! we denote
the vector || = (|Ai)ier € NI of the sizes of the partitions, then

) Meeg g™+ Al
ec
-~ ,. '
rert Hier (@01 Hljni(lk "(1—g79))
oo 0
= [T TTITa—a x5, 26)
aeN! i=0j=0

As Hua points out in [7, Corollary 4.10] if one could show that the ¢ = 0
evaluation of the combinatorially defined LHS of (26) would agree with the
combinatorially defined LHS of (25) then one would have that

Yo JJa-xome=T]a-x"b 27)

rePl qeNV aeN!
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the ¢ = 0 evaluation of the RHS of (26) agrees with the RHS of (25). In
turn, by comparing coefficients, (27) implies Kac’s Conjecture 1 that my =
t - However the combinatorial expressions on the RHS of (25) and (26) are
difficult to evaluate in practice [11, 17].

In this paper we take an alternative route to prove (27) and thus Conjec-
ture 1 by relating the RHS of (25) and (26) to the denominator of the Weyl-
Kac character formula. Recall the notation from [14, §2]. Thus P denotes a
finitely generated free Z-module, the weight lattice. Let P* = Homy, (P, Z)
with natural pairing (,) : P x P* — Z. Now «; € P (i = 1...n) are the
linearly independent simple roots. Let Q = 7' = Z[ay, ..., a,] be the root
lattice, we have encountered above. Have a symmetric bilinear form (,)
on P such that the coroots h; € P* given by (h;, A) = (o, A) satisfy that
(hi,aj) =08;j — % Thus the root lattice Q = Z! will inherit the pairing we
already introduced above. Finally we pick A; € P fori =1, ..., n such that
(hj, Aj) = 6;j. For w € N’/ we introduce Ay = Zi w; A;. Finally we can
define reflections r; : P — P given by r;(A) = A — (X, @j)«;, which then gen-
erate the Weyl group W. It is clear that the root lattice Q is left invariant
and the induced action of W is the one we encountered above. Note also that
A1 =7)_; A; plays the role of p introduced above.

Now the Weyl-Kac character formula [8, Theorem 10.4] says the follow-
ing:

Theorem 10 (Kac) Let L(A) be an irreducible representation of g(I') of
highest weight A € P. Let L(A) = @,y L(A) a—a denote its weight space
decomposition. Then

ZweW det(w)XAJrP*w(AJrﬂ)
Y wew det(w) XP—w)

> dim(L(A)A-a) X" =

aeN/

(28)

Nakajima in [14] gives a geometrical interpretation of the irreducible rep-
resentation L(A), and in turn to the LHS of (28) using his quiver varieties. In
the special case of x = 0 [14, Theorem 10.2] implies:

Theorem 11 (Nakajima) Fix w € N/ then

> dim(H* My, w)XY =) dim(L(Aw)a,-a) XY (29)

veN! aeN!

We notice that the denominator of the RHS of (1) agrees with the LHS of
Hua’s (26). On the other hand by Theorem 1 and Nakajima’s (29) we have

(LHS of (1))g—0 = LHS of (29) = LHS of (28), (30)
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for every Aw = A. For m € N take in particular w = m1 then A,;; = mp.
Then by applying the Kac denominator formula (25) for both the numerator
and the denominator we get

ZweW det(w)X(m+l)p—w((m+l)p)
Y wew det(w) XP—w)
_ Muer (1 = x 0Dy
[Taenv( — X)me
= [T a+xo 4+ xmeym, 31)

aeNV

(RHS of (28)) p—mp =

Thus when we take the limit m — oo we get

1
[Taeny (1 = Xe)ma

lim ((RHS of (28)) A=mp) = (32)

Because for a partition A’ of n > 0 we have (A;, 1) > m and so in the m —
00 limit the numerator of the RHS of (1) tends to 1 therefore

1

Meep g™+ XAl .
ZAGP’ 0d a0y my (M) i
[Tie/ @ AT IS (=77

Jlim ((RHS of (1))w=m1) =

(33)

Now the combination of (33), (26), (30), (28), (32) yields (27), which, as
explained there, implies Conjecture 1.
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