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1. Introduction

1.1. Character varieties

Given a non-negative integer g and a k-tuple w = (u!, u?, ..., uk) of partitions of n, we

define a generic character variety M, of type u as follows (see [9] for more details). Choose
a generic tuple (Cy, ..., Cy) of semisimple conjugacy classes of GL,(C) such that for each
i =1,2,..., k the multiplicities of the eigenvalues of C; are given by the parts of u'.

Define Z, as

Z, = {(al,bl,...,ag,bg,xl,...,xk) € (GL,)*®

xCp X -+ X Cg

k
ﬁ(ai,bi)nxi =1 } ;
j=1

i=1

where (a, b) := aba™'b~". The group GL,, acts diagonally by conjugation on Z, and we define
My, as the affine GIT quotient

M, = 2, JGL, = Spec ((C[Z,L]GL") .
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Though the variety M, depends on the actual choice of eigenvalues of C;, we do not make this
explicit in the notation as the properties we will consider are insensitive to this choice.
We prove in [9] that, if non-empty, M is non-singular of pure dimension

dy =n*Q2g —2+k) — Z(u;ﬁ +2.
ij
We also defined an a priori rational function H(z, w) € Q(z, w) in terms of Macdonald
symmetric functions (see Section 2.1.4 for a prec1se definition) and we conjecture that the
compactly supported mixed Hodge numbers {h; ik (Mu)}i,jk satisfy he ik (Mp) = 0 unless
i = jand

H.(My;q,1) Z (t/q) ™ H,, (—z q, (1.1.1)

7)
val
where H.(My;q.1) = 3, he" (My)git! is the compactly supported mixed Hodge
polynomial. In particular, Hj, (—z, w) should actually be a polynomial with non-negative integer
coefficients of degree dj, in each variable.

In [9] we prove that (1.1.1) is true under the specialization (g, t) + (g, —1), namely,

E(My: q) = He(My: q. —1) = q2%H, (f, i) . (1.1.2)
Vi

This formula is obtained by counting points of M, over finite fields. We compute .M, (F,)
using a formula involving the values of the irreducible characters of GL, (IF,) (a formula that
goes back to Frobenius [4]). The calculation shows that M, has polynomial count; i.e., there
exists a polynomial P € C[T] such that for any finite field IF, of sufficiently large characteristic,
#My ;) = P(q). Then by a theorem of Katz [9, Appendix] E(M; q) = P(g). Moreover,

E(My; q) satisfies the following identity

E(My:q) = q¢™EMy;q™). (1.1.3)
In this paper we use Formula (1.1.2) to prove the following theorem.

Theorem 1.1.1. If non-empty, the character variety M, is connected.

The proof of the theorem reduces to proving that the coefficient of the lowest power of ¢ in
Hy (/4. 1//q), namely g~%/2, equals 1. This turns out to require a rather delicate argument,
by far the most technical of the paper, that uses the inequality of Section 6 in a crucial way.

1.2. Relations to Hilbert schemes on C* x C* and modular forms

Here we assume that g = k = 1. Put X = C* x C* and denote by X["! the Hilbert scheme
of n points in X. Define H!"(z, w) € Q(z, w) by

_ ny2
S H @ w) T =] (1 — zwT™) , (1.2.1)

2 2
=0 >l (1 —z2T™( — w=T™")

with the convention that H%(z, w) := 1. It is known by work of Gottsche and Soergel [8] that
the mixed Hodge polynomial H, (X (g, t) is given by
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1
H. (X[n]; q, t) — (qt2)nH[n] (—t q, _) .
c i

Conjecture 1.2.1. We have
H" (2, w) = He—1,1)(z, ).

This together with the conjectural Formula (1.1.1) implies that the Hilbert scheme X" and
the character variety M ,_1. 1) should have the same mixed Hodge polynomial. Although this is
believed to be true (in the analogous additive case this is well-known; see Theorem 4.1.1) there is
no complete proof in the literature. (The result follows from known facts modulo some missing
arguments in the non-Abelian Hodge theory for punctured Riemann surfaces; see the comment
after Conjecture 4.2.1.) We prove the following results which give evidence for Conjecture 1.2.1.

Theorem 1.2.2. We have
H"(0, w) = Hep—1,1) (0, w) ,
H™ (™!, w) = Hepo1,n(w ™, w).
The second identity means that the E-polynomials of X! and Mu—1,1) agree. As a

consequence of Theorem 1.2.2 we have the following relation between character varieties and
quasi-modular forms.

Corollary 1.2.3. We have

1 uk
u/2 —u/2 n_ — (,u/2 _ ,—u/2
1+ E H—1.1) (e ,e )T = (e e )exp (2 E Gk(T)_k!> ,
n>1 k>2
where
_ —Bk k—1pn
G (T) = TS + E E AT

n>1 dln

(with By is the k-th Bernoulli number) is the classical Eisenstein series for SL»(Z).
In particular, the coefficient of any power of u in the left hand side is in the ring of
quasi-modular forms, generated by the Gy, k > 2, over Q.

Relations between Hilbert schemes and modular forms were first investigated by Gottsche [7].
1.3. Quiver representations

For a partition 4 = w1 > --- > u, > 0 of n we denote by /() = r its length. Given a
non-negative integer g and a k-tuple . = (u', u?, ..., u*) of partitions of n we define a comet-
shaped quiver I'y with k legs of length 51, 52, ..., sx (where s; = I(u') — 1) and g loops at the
central vertex (see picture in Section 3.2). The multi-partition g defines also a dimension vector
vy, of I', whose coordinates on the i-th leg are (n, n — M"l, n— u’i — Mé, c N — Zi’zl Ui,

By a theorem of Kac [13] there exists a monic polynomial A, (T) € Z[T] of degree d /2
such that the number of absolutely indecomposable representations over I, (up to isomorphism)
of I'y of dimension v, equals A, (q).

Let us state the main result of this section.
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Theorem 1.3.1. We have
Ap(q) = Hy (0, /). (1.3.1)

If we assume that v, is indivisible, i.e., that the gcd of all the parts of the partitions ,ul e /,Lk
equals 1, then, as mentioned in [9, Remark 1.4.3], the formula can be proved using the results
of Crawley-Boevey and van den Bergh [2] together with the results in [9]. More precisely, the
results of Crawley-Boevey and van den Bergh say that A, (¢) equals (up to some power of g) the
compactly supported Pincasé polynomial of certain quiver variety Q, (which exists only if v,
is indivisible). In [9] we show that the Poincaré polynomial of Q, agrees with H, (0, ,/q) up to
the same power of g, hence the Formula (1.3.1).

The proof of Formula (1.3.1) we give in this paper is completely combinatorial (and works
also in the divisible case). It is based on Hua’s formula [11] for the number of absolutely
indecomposable representations of quivers over finite fields.

The conjectural Formula (1.1.1) together with Formula (1.3.1) implies the following
conjecture.

Conjecture 1.3.2. We have
_d
A;L(‘I) =q ? PHC(MIL; q),

where PH.(My; q) =) ; hi’i;Zi (M,L)qi is the pure part of H.(My; q,1).
1.4. Characters of general linear groups over finite fields

Given two irreducible complex characters X7, &> of GL,(F,) it is a natural and difficult
question to understand the decomposition of the tensor product X7 ® X, as a sum of irreducible
characters. Note that the character table of GL,(IF;) is known (Green, 1955) and so we can
compute in theory the multiplicity (X; ® &>, X) of any irreducible character X’ of GL, (IF,) in
X1 ® X, using the scalar product formula

1 -
XX, X)) = —— X X X(2). 1.4.1
(X1 ® X, X) lGLAFq)lgeGLZn(Fq) 1(8)X2(8)X (g) (1.4.1)

However it is very difficult to extract any interesting information from this formula.

In [9] we define the notion of generic tuple (X7, ..., &) of irreducible characters of GL,, (IF,).
We also consider the character A : GL,(F,) — C,x — ¢% dim CaL, () wwhere CqgL, (x) denotes
the centralizer of x in GL, (Fq) and where g is a non-negative integer. For g = 1 this is the
character of the conjugation action of GL, (IF;) on the group algebra C[gl,, (IF,)].

If # = (w1, u2, ..., i) is a partition of n, an irreducible character of GL, (F,) is said to be
of type p if it is of the form RS,I;” () where L, = GL,,; x GLy, x --- x GL,, and where « is
a regular linear character of L, (IF;); see Section 3.4 for definitions. Characters of this form are
called split semisimple.

In [9] we prove that for a generic tuple (X7, ..., X%) of split semisimple irreducible characters
of GL, (Fy) of type i, we have

(AQX Q- ® X, 1) = Hy(0, /q). (1.4.2)
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Note that in particular this implies that the left hand side only depends on the combinatorial type
1 not on the specific choice of characters.
Together with Formula (1.3.1) we deduce the following formula.

Theorem 1.4.1. We have
A ® - @&, 1) = Ap(q).

Using Kac’s results on quiver representations (see Section 3.1) the above theorem has the
following consequence.

Corollary 1.4.2. Let $(I'y) denote the root system associated with I'y, and let (X1, ..., X}) be
a generic k-tuple of irreducible characters of GL, (Fy) of type u.

We have (A @ X1 @ --- Q@ Xk, 1) # 0 if and only if v, € $(I'y). Moreover (AQ X1 ® -+ ®
Xk, 1) = 1ifand only if v, is a real root.

In [17] the second author discusses the statement of Corollary 1.4.2 for generic tuples of
irreducible characters of GL, (IF;) which are not necessarily split semisimple.

2. Preliminaries
We denote by [ an algebraic closure of a finite field IF,.
2.1. Symmetric functions

2.1.1. Partitions, Macdonald polynomials, Green polynomials

We denote by P the set of all partitions including the unique partition 0 of 0, by P* the
set of non-zero partitions and by P, the set of partitions of n. Partitions A are denoted by
A = (A, A2,...), where A1 > Xp > --- > 0. We will also sometimes write a partition as
ame,2m2 ..., n™) where m; denotes the multiplicity of i in A. The size of A is [A| := Zi Ais
the length [(A) of A is the maximum i with A; > 0. For two partitions A and wu, we define
(A, ) as Y ; A;u; where A’ denotes the dual partition of A. We putn(1) = »;_ (i —1)A;. Then
(A, A) = 2n(A) + |A|. For two partitions A = (11,272, .. .) and u = (1""1,2™2 .. .), we denote
by A U p the partition (171+71 2m2+m2  y For a non-negative integer d and a partition A, we
denote by d - A the partition (dX1, dX2, ...). The dominance ordering for partitions is defined as
follows: u < Aifand only if g +---+pu; <Ay +---+A;forall j > 1.

Let x = {x1,xp,...} be an infinite set of variables and A(x) the corresponding ring of
symmetric functions. As usual we will denote by s (X), /1, (X), pa(x), and m;, (x), the Schur
symmetric functions, the complete symmetric functions, the power symmetric functions and the
monomial symmetric functions.

We will deal with elements of the ring A(x) ®z Q(z, w) and their images under two
specializations: their pure part, z = 0, w = /q and their Euler specialization, z = /g, w =
1/4/q.

For a partition A, let Hy(x; ¢,1) € A(x)®zQ(g, t) be the Macdonald symmetric function
defined in Garsia and Haiman [6, I.11]. We collect in this section some basic properties of these
functions that we will need.

We have the duality

Hy(x:q.1) = Hy(x: 1, q); @2.1.1)
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see [6, Corollary 3.2]. We define the (transformed) Hall-Littlewood symmetric function as
H;(x; ) = Hy(x; 0, ). (2.12)

In the notation just introduced Hj, (x; q) is the pure part of H, (x; z2, w?).
Under the Euler specialization of H 5 (x: 22, w?) we have [9, Lemma 2.3.4]

Hy (% q,97 ") = ¢7"™ Hy(q)s (xy), (2.1.3)

where y; = ¢/~ and H, (¢) = [T (1 — q"®) is the hook polynomial [19, 1,3, Example 2].
Define the (g, t)-Kostka polynomials Ie,,)\ (g,1) by

Hy(x g, 1) =) Kunlg, sy(x). (2.1.4)

These are (gq,t) generalizations of the I%U;L(q) Kostka—Ifoulkes pol~yn0mial in Macdonald
[19, III, (7.11)], which are obtained as " K,;(¢™") = K,1(q) = K,(0, q), i.e., by taking
their pure part. In particular,

H,(x;q) =) Kun(@)sy(x). (2.1.5)

For a partition A, we denote by x* the corresponding irreducible character of Sjx as in
Macdonald [19]. Under this parameterization, the character x1") is the sign character of S}y

and x (") is the trivial character. Recall also that the decomposition into disjoint cycles provides
a natural parameterization of the conjugacy classes of S, by the partitions of n. We then denote
by X& the value of x* at the conjugacy class of )| corresponding to u (we use the convention

that X;}Z = 0if |A| # |u|). The Green polynomials { Q] (q)}, rep are defined as
05(9) =) 1} Kue(q) (2.1.6)
v
if [A| = |7] and Q] = 0 otherwise.

2.1.2. Exp and Log

Let A(xq,...,Xx) = A(X]) ®z - - - ®z A(Xx) be the ring of functions separately symmetric
in each set X1, X2, . .., X¢ of infinitely many variables. To ease the notation we will simply write
Ay for the ring A(xy, ..., Xx) ®z Q(q, t).

The power series ring A [[T] is endowed with a natural A-ring structure in which the Adams
operations are

Va(f XX, o X0 g, 13 T)) = fxd,xd, . oxd g 1d 1Y),
Let A¢[[T ] be the ideal T A [T ] of A [T]. Define ¥ : A [T |T — AT 1T by
YV (f)
v = —_—
f) ; et

and Exp : Ak[T 1T — 14+ A[T " by
Exp(f) = exp(¥(f)).
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The inverse &1 : At [T 1T — Ax[[T I* of ¥ is given by
_ Yn(f)
p! = —_—
()= nm=
n>1
where p is the ordinary Mobius function.

The inverse Log : 1 + A¢[[T I — A¢[[T T" of Exp is given by
Log(f) = ¥~ (log(f)).

Remark 2.1.1. Let f =1+, fuT" € 1 + AT I*. If we write

1
log(f) =) ~UnT",  Log(f) =3 VaT",

n>1 n>1

then

1
V=~ Zu(d)l/fd(Ur/d)-

d|r

We will need the following properties (details may be found for instance in Mozgovoy [20]).
For g € Ay andn > 1 we put

1
gni=— D wdys ().

din

This is the Mobius inversion formula of v, (g) = Zdln d-gq.

Lemma 2.1.2. Let g € Ay and f1, f» € 1 + A [T 1T such that

log(f1) = _ ga - log(¥a(f2)).
d=1

Then
Log(f1) = g - Log(f2).

Lemma 2.1.3. Assume that f € A [T 1". If it has coefficients in A(X1, ...,%Xx) ®z Zlq, t] C
Ag, then Exp(f) has also coefficients in A(X1, ..., X;) ®z Z[q, t].

2.1.3. Types

We choose once and for all a total ordering > on P (e.g. the lexicographic ordering) and
we continue to denote by > the total ordering defined on the set of pairs Z% , x P* as follows:
if A # pwand A > pu, then (d, %) > (d’, ), and (d, 1) > (d’, 1) if d > d’. We denote by
T the set of non-increasing sequences w = (di, a)l) > (dy, a)z) > ... > (d,, w"), which we
will call a type. To alleviate the notation we will then omit the symbol > and write simply
w = (di, ©")(d2, @?) - - (dy, @"). The size of a type w is |w| == Y, d;|1'|. We denote by T, the
set of types of size n. We denote by mg 3 (w) the multiplicity of (d, 1) in w. As with partitions it
is sometimes convenient to consider a type as a collection of integers mg4 ; > 0 indexed by pairs



T. Hausel et al. / Advances in Mathematics 234 (2013) 85-128 93

(d,A) € Z=o x P*.Foratype = (di, ") (dy, 0?) -+ (dy, "), we put n(w) = Y_; din(e')
and [w] = U; d; - o'.

When considering elements ¢, € Ay indexed by multi-partitions g = (ul, ..., 1wk e Pk we
will always assume that they are homogeneous of degree (|u!], ..., |k ]) in the set of variables
X1, ..., Xg.

Let {ay},epr be a family of symmetric functions in 4y indexed by multi-partitions. We extend
its definition to a multi-type @ = (dy, ®') - - - (dy, @*) with @? € (Pnp)k, by

o =[] Va,(Awr).
p

For a multi-type @ as above, we put

&d)(_l),f] r — 1!
co_ ] d [Tra.n(@)!
n

® *

ifd = =d,

Il
S

0 otherwise

where my y (@) with p € Pk denotes the multiplicity of (d, u) in @.
We have the following lemma (see [9, Section 2.3.3] for a proof).

Lemma 2.1.4. Let {Ay},cpr be a family of symmetric functions in Ax with Ag = 1. Then

Log [ Y 4,7 | =3 "coA,T" (2.1.7)
nePpk @

where @ runs over multi-types (dy, ®') - - - (dy, @°).

The formal power series Zn>0 a, T" with a,, € Ay that we will consider in what follows will
all have a,, homogeneous of degree n. Hence we will typically scale the variables of A; by 1/T
and eliminate T altogether.

Given any family {a,} of symmetric functions indexed by partitions © € P and a multi-
partition u € P as above define

ay = aw(xl) .. 'Cluk(Xk).

Let (-, -) be the Hall pairing on A(x), extend its definition to A(xy, ..., X;) by setting
(ar(x1) -+ - ag(Xg), b1 (xq) - - - be(Xx)) = (a1, by) - - - {ax, bx), (2.1.8)
for any ay, ..., ax; by, ..., by € A(x) and to formal series by linearity.

2.1.4. Cauchy identity
Given a partition A € P,, we define the genus g hook function 'H, (z, w) by
(ZZa(s)—H _ w2l(s)+1)2g

Hy(z, w) = | | )
2a(s)+2 _ 4,y21( 2 — a20(s)+2
iy (Z a(s) w (Y))(Z a(s) w (s) )

where the product is over all cells s of A with a(s) and I[(s) its arm and leg length, respectively.
For details on the hook function we refer the reader to [10].
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Recall the specialization (cf. [9, Section 2.3.5])

ng»J»)

a,(q)

H.(0, Vq) =

2.1.9)

where a; (q) is the cardinality of the centralizer of a unipotent element of GL,, (F;) with Jordan

form of type A.

It is also not difficult to verify that the Euler specialization of H) is

M@ VD = (474 )
We have

Hi(z, w) =Hr(w,z) and Hy(—z, —w) = Hy(z, w).
Let

k
R w) =01, .. x5 2,w) = Y Ha(z, w) [ | Hulxis 2, wh).

reP i=1
By (2.1.1) and (2.1.11) we have
2z, w) = 2(w,z) and 2(—z, —w) = 2(z, w).
Forp = (u', ..., u%) e P, we let
Hy(z, w) = (2% — (1 — w?) (LogR(z, w), hy).
By (2.1.12) we have the symmetries
Hy(z, w) =Hy(w,z) and Hy(—z, —w) = Hy(z, w).

We may recover §2(z, w) from the H (z, w)’s by the formula:

Hy (z, w)

Q(Z, w) =EXp Z mmu

pePk
From Formulas (2.1.3) and (2.1.10) we have the following.

Lemma 2.1.5. With the specialization y; = q'~ !,

1 2g+k—2 K
Y (\/ﬁ, ﬁ> =3O (V@) [ [y,
i=1

AEP

(2.1.10)

2.1.11)

(2.1.12)

(2.1.13)

(2.1.14)

(2.1.15)

Conjecture 2.1.6. The rational function Hy (z, w) is a polynomial with integer coefficients. It

has degree

dy=n2(2g —2+k) — Z(u;)z 12
2%}

in each variable and the coefficients of H, (—z, w) are non-negative.

The function H (z, w) is computed in many cases in [9, Section 1.5].



T. Hausel et al. / Advances in Mathematics 234 (2013) 85-128 95
2.2. Characters and Fourier transforms

2.2.1. Characters of finite general linear groups

For a finite group H let us denote by Mody the category of finite dimensional C[H] left
modules. Let K be an other finite group. By an H-module-K we mean a finite dimensional C-
vector space M endowed with a left action of H and with a right action of K which commute
together. Such a module M defines a functor RII;I : Modgy — Mody by V = M ®cik V.
Let C(H) denotes the C-vector space of all functions H — C which are constant on conjugacy
classes. We continue to denote by R g the C-linear map C(K) — C(H) induced by the functor
Rg (we first define it on irreducible characters and then extend it by linearity to the whole C(K)).
Then for any f € C(K), we have

RECH() = 1KIT Y Trace ((g. k™) | M) £ (K). 2.2.1)

keK

Let G = GL,(F,) with F, a finite field. Fix a partition A = (A1, ..., A,) of n and let
Fy = Fa(F,) be the variety of partial flags of IF,-vector spaces

{O)=E cE'c...cE'cE'=(®,)"

such that dim(E‘~!/E?) = A;.
Let G acts on F; in the natural way. Fix an element

on({O}zE’CE”l C--CE cE°=(1Fq)")eﬂ

and denote by P, the stabilizer of X, in G and by U, the subgroup of elements g € P, which
induces the identity on E'/E**! foralli =0,1,...,r — 1.

Put L) = GL,, (Fy) x --- x GLy, (IF;). Recall that U,, is a normal subgroup of P, and that
P)L = LA X U)L.

Denote by C[G /U, ] the C-vector space generated by the finite set G/ U, = {gU, | g € G}.
The group L, (resp. G) acts on C[G/U,] as (gU,) -1 = glU,, (resp.as g-(hU,) = ghU,). These
two actions make C[G /U, ] into a G-module-L; . The associated functor Rg :Mod;, — Modg
is the so-called Harish-Chandra functor.

We have the following well-known lemma.

Lemma 2.2.1. We denote by 1 the identity character of L. Then for all g € G, we have
Rf (D(g) =#X e F, | g X = X}.

Proof. By Formula (2.2.1) we have
RY (1)(g) = |L,|™" Y #{hU,. | ghUy = hkU;,}
kGLA

= L7 ) #{hUs | gh € hkU;)
keL,

= |Ly|""#{hU, | gh € hP;)
= #{hP)\ | g/’lP)\ = hP)\}.

We deduce the lemma from last equality by noticing that the map G — F;, g — g - X, induces
abijection G/ P, — F,. O
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We now recall the definition of the type of a conjugacy class C of G (cf. [9, 4.1]). The
Frobenius f : F — F,x +— x? acts on the set of eigenvalues of C. Let us write the set of
eigenvalues of C as a disjoint union

vl Jo v L T v )

of (f)-orbits, and let m; be the multiplicity of y;. The unipotent part of an element of C defines
a unique partition ' of m;. Re-ordering if necessary we may assume that (d1, »') > (da, ®?) >
- > (d,, ®"). We then call w = (dj, ') - - - (d,, ") € T, the type of C.
Put T = L,1,..,1). It is the subgroup of diagonal matrices of G. The decomposition of
R%* (1) as a sum of irreducible characters reads

R = Y x(1)-Uy.

xelm(Wy,)

,,,,,

where Wy, = Np,(T)/T is the Weyl group of L). We call the irreducible characters {/, },
the unipotent characters of L,. The character {{; is the trivial character of L,. Since W, =~

Sx; X -+ X S, the irreducible characters of W, are x* = XT -+ x™ where T runs over
the set of types © = {(1, t")};=1,...» With t* a partition of A;. We denote by U, the unipotent
character of L, corresponding to such a type .

Theorem 2.2.2. Let U, be a unipotent character of L) and let C be a conjugacy class of type w.
Then

R, U(©) = (Ao(x. ). 5:).

Proof. The proof is contained in [9] although the formula is not explicitly written there. For the
convenience of the reader we now explain how to extract the proof from [9]. For w € Wj, we
denote by RG (1) the corresponding Deligne—Lusztig character of G. Its construction is outlined
in [9, 2.6.4]. The character U, of L; decomposes as,

=Wil™ > xp Ry

we W,

where x, denotes the value of x* at w. Applying the Harish-Chandra induction RG to both side
and using the transitivity of induction we find that

RY Us) = Wal™" Y xp - RE (D).
weW,,

We are now in a position to use the calculation in [9]. Notice that the right hand side of the above
formula is the right hand side of the first formula displayed in the proof of [9, Theorem 4.3.1]
with (M, 0T, $) = (L;, 1, x7) and so the same calculation to get [9, (4.3.2)] together with
[9, (4.3.3)] gives in our case

R UNC) =D "z xa Y. 05@zimzs
o {BI[Bl=lal}

where the notation are those of [9, 4.3]. We now apply [9, Lemma 2.3.5] to get

RE, U(©) = (Au(x; @), 5:x)). O
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If « is the type (1, (1)) - -- (1, (1)), then s, (X) = h, (x). Hence we have the following.

Corollary 2.2.3. If C is a conjugacy class of G type w, then

RY (1)(C) = <ﬁw(x, 9, hx(x)>.

Corollary 2.2.4. Put ff’w(q) =#X e F, | g-X = X} where g € G is an element in a
conjugacy class of type w. Then

Hy(x,q) =Y T} ,(@mi(x).
A

Proof. It follows from Lemma 2.2.1 and Corollary 2.2.3. [

We now recall how to construct from a partition A = (A1, ..., A;) of n a certain family of
irreducible characters of G. Choose r distinct linear characters a1, ..., o of F. This defines
for each i a linear character &; : GLy, (F;) — C*, g = «; (det(g)), and hence a linear character
a: L, - C* (g)+ a&Igr) - ai(g1). This linear character has the following property: for
an element g € NG (L;), we have &@(g~'1g) = @(l) forall [ € L, if and only if g € L;. A linear
character of L, which satisfies this property is called a regular character of L.

It is a well-known fact that Rg () is an irreducible character of G. Note that the irreducible
characters of G are not all obtained in this way (see [18] for the complete description of the
irreducible characters of G in terms of Deligne—Lusztig induction).

We now recall the definition of generic tuples of irreducible characters (cf. [9, Definition
4.2.2]). Since in this paper we are only considering irreducible characters of the form Rg (),
the definition given in [9, Definition 4.2.2] simplifies.

Definition 2.2.5. Consider irreducible characters RLG 1 (ep), ..., Rf . (e;) of G as above for a
A A
multi-partition A = Ao e (Pn)k. Let T be the subgroup of G of diagonal matrices. Note
that T C L, for all partition X, and so T contains the center Z, of any L,. Consider the linear
character « = (a1|7) - - - (&g |7) of T. Then we say that the tuple (RLG 1 (ep), ..., RLG . (&k)) is
A A

generic if the restriction at|z, of & to any subtori Z;, with A € P, — {(n)}, is non-trivial and if
oz, is trivial (the center Z(,) > FJ consists of scalar matrices a.1y).

We can show as for conjugacy classes [9, Lemma 2.1.2] that if the characteristic p of F, and
q are sufficiently large, generic tuples of irreducible characters of a given type A always exist.
Put g := gl,,(F,). For X € g, put

AYX) =#{Y eg|[X,Y]=0}.

The restriction A' : G — C of A' to G C g is the character of the representation
G — GL (Clg]) induced by the conjugation action of G on g. Fix a non-negative integer g
and put A := (A")®s,

For a multi-partition p= (!, ..., %) € (P,)* and a generic tuple (RY [@n, ..., RY . (ax))

w "

of irreducible characters we put

RIL = RI(‘;MI @R - Rguk (oeg).
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For two class functions f, g € C(G), we define
(f.8)=1GI"" Y f(g®).
heG

We have the following theorem [9, Theorem 1.4.1].

Theorem 2.2.6. We have

(A® Ry, 1) =Hy (0, /q)
where H, (z, w) is the function defined in Section 2.1.4.

Corollary 2.2.7. The multiplicity (/1 ® Ry, 1) depends only on . and not on the choice of linear
characters (ey, ..., o).

2.2.2. Fourier transforms

Let Fun(g) be the C-vector space of all functions g — C and C(g) the subspace of functions
g — C which are constant on G-orbits of g for the conjugation action of G on g.

Let ¥ : F, — C* be a non-trivial additive character and consider the trace pairing
Tr: g x g — C*. Define the Fourier transform 79 : Fun(g) — Fun(g) by the formula

FULE) =Y W (Tr(xy)) f(y)
yeg
for all f € Fun(g) and x € g.
The Fourier transform satisfies the following easy property.

Proposition 2.2.8. For any f € Fun(g) we have:
lal - £(0) = > FI(f)().

xXeg

Let * be the convolution product on Fun(g) defined by
(fx)@ = Y fx)g()

x+y=a
for any two functions f, g € Fun(g).
Recall that
FUf xg) =Fo(f) - F2(g). (2.2.2)

For a partition A of n, let p,, [,, uy be the Lie sub-algebras of g corresponding respectively to
the subgroups P;, L;, U, defined in Section 2.2, namely [; = @i 91}»1’ (Fy), p,. is the parabolic
sub-algebra of g having [, as a Levi sub-algebra and containing the upper triangular matrices.
We have p; = [, ® u,.

Define the two functions Ra(l), Qﬁ € C(g) by

RL()(x) =[P, '#g € G| g 'xg € p),

Ol (x) = |P| '#Mg e G| g ' xg e w}.

We define the type of a G-orbit of g similarly as in the group setting (see Corollary 2.2.3).
The types of the G-orbits of g are then also parameterized by T,,.
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Remark 2.2.9. From Lemma 2.2.1, we see that Rg(l)(x) = |P| "#g e G| g lxg e P);

hence Ra (1) is the Lie algebra analogue of Rg(l) and the two functions take the same values
on elements of same type.

Proposition 2.2.10. We have
L2y 22
F8 (Q?J = g2l E%)Rﬁg)_

Proof. Consider the C-linear map Ri : C(I)) — C(g) defined by

RE(HO =1RIT" Y fire " xg)
{geGlg~"xgeps}
where 7 : p, — [, is the canonical projection. Then it is easy to see that Qﬁ\ = Rﬁ\ (1p) where
1o € C(I;) is the characteristic function of 0 € [;, i.e., 1op(x) = 1 if x = 0 and 1p(x) = 0
otherwise. The result follows from the easy fact that F"%(1¢) is the identity function 1 on [; and
the fact (see Lehrer [16]) that

FloRS =gt 0" LRI o F O

Remark 2.2.11. For x € g, denote by 1, € Fun(g) the characteristic function of x that
takes the value 1 at x and the value O elsewhere. Note that F9(1,) is the linear character
g — C,t — U(Tr(xt)) of the abelian group (g, +). Hence if f : g — C is a function which
takes integer values, then F9( f) is a character (not necessarily irreducible) of (g, +). Since the

Green functions Qi take integer values, by Proposition 2.2.10 the function q%("z_Zi A%)Ri 1)
is a character of (g, +).

3. Absolutely indecomposable representations
3.1. Generalities on quiver representations

Let I" be a finite quiver, I be the set of its vertices and let {2 be the set of its arrows. For
y € {2, we denote by h(y), t(y) € I the head and the tail of y. A dimension vector of I' is a
collection of non-negative integers v = {v; };c; and a representation ¢ of I' of dimension v over
a field K is a collection of K-linear maps ¢ = {¢, : Vi(y) = Vip)lyen withdimV; = v;.
Let Rep (K) be the K-vector space of all representations of I' of dimension v over K. If
¢ € Repp (K), ¢’ € Repp (K), then a morphism f : ¢ — ¢’ is a collection of K-linear maps
fi Vi = V/,i € I such that for all y € £2, we have fj,) 0 ¢, = (p; o fiy)-

We define in the obvious way direct sums ¢ @ @’ € Repi(I', v + V') of representations.
A representation of I' is said to be indecomposable over K if it is not isomorphic to a direct
sum of two non-zero representations of I'. If an indecomposable representation of I" remains
indecomposable over any finite extension of K, we say that it is absolutely indecomposable.
Denote by M y(KK) the set of isomorphism classes of Repp (K) and by A y(K) the subset of
absolutely indecomposable representations of Rep - , (K).

By a theorem of Kac there exists a polynomial A y(7T') € Z[T] such that for any finite field
with g elements Ar y(q) = #Ap y(F,). We call A, the Kac polynomial of (I, v).
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Let ¢(I") C Z' be the root system associated with the quiver I" following Kac [13] and let
o)t C (ZZQ)I be the subset of positive roots. Let C = (c;;);,; be the Cartan matrix of I,
namely

o — 2 — 2(the number of edges joining i to itself) ifi = j
" | —(the number of edges joining i to j) otherwise.

Then we have the following well-known theorem (see Kac [13]).

Theorem 3.1.1. A y(q) # O ifand only if v.e &(I')*; Ar.y(q) = 1 if and only if Vv is a real
root. The polynomial A y, if non-zero, is monic of degree 1 — %tVCV.

By Kac [13], there exists a polynomial M y(q) € Q[T] such that M y(q) == #Mp y(F,)
for any finite field IF,. The following formula is a reformation of Hua’s formula [11].
Theorem 3.1.2. . We have

Log| Y Mry@x'|= Y  Ar,@X"

ve(Zs)! VE(Zso)! —{0}

. . Vi . . .
where X" is the monomial [[,c; X" for some independent commuting variables {X;};c;.

iel
Since Ar y(q) € Z[q], we see by Theorem 3.1.2 and Lemma 2.1.3, that M y(g) also has
integer coefficients.

3.2. Comet-shaped quivers

Fix strictly positive integers g, k, s1, . .., s, and consider the following (comet-shaped) quiver
I" with g loops on the central vertex and with set of vertices

I={0U{li,jlli=1,....kj=1... s}

[1,1] [1,2] [1, 5]
[2, 52]
[k, 11 [k,2] [k, skl

Let £2° denote the set of arrows y € {2 such that i(y) # t(y).

Lemma 3.2.1. Let K be any field. Let ¢ € Repp (K) and assume that vo > 0. If ¢ is
indecomposable, then the linear maps ¢, with y € 29, are all injective.

Proof. If y is the arrow [i, j] — [i, j — 1], with j = 1,...,s; and with the convention that
[i, 0] = 0, we use the notation ¢;; : V|; jj — V|;,j—1) rather than ¢, : Vi) — Vj(y). Assume
that g;; is not injective. We define a graded vector subspace V' = @, .; V/ of V.= @), Vi as
follows.

If the vertex i is not one of the vertices [i, j], [i, j + 1], ..., [i, si], we put Vl.’ = {0}. We
— . =1 =1
put V[/i»j] = Kergj, V[/i,j+1] = (pi(j+l)(v[/i,j])’ s V[/i,si] = ¢ (Vi/(s,-—l))‘ Let v/ be the
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dimension of the graded space V' = @,;.; V/ which we consider as a dimension vector of
I'. Define @' € Repp (KK) as the restriction of ¢ to V’. It is a non-zero subrepresentation of
@. It is now possible to define a graded vector subspace V"' = @, .; V/’ of V such that the
restriction @” of ¢ to V" satisfies ¢ = ¢” @ ¢’: we start by taking any subspace Vi’ ;) such
that Vi; jy = V[; ;; ® V[] ;. then define V/ ; , from V[/ ., as V; .., was defined from V; ji,
and finally put V" := V; if the vertexz is not one of the vertices [i, j1, [i, j + 1],..., [i, s;]. As

vg > 0, the subrepresentatlon ¢" is non-zero, and so ¢ is not indecomposable. D
We denote by Rep’}’v(Fq) the subspace of representation ¢ € Repp () such that @), is
injective for all y € £2°, and by M7, [ (IFy) the set of isomorphism classes of Rep?.  (IF,). Put

M}ﬂ’v(q) =# {M}Z’V(Fq)}. Following [1] we say that a dimension vector v of I is strict if for

eachi =1,...,kwehaveng > v, 1] = vji 2] = - -+ = V[ 5] Let us denote by S the set of strict
dimension vector of I.

Proposition 3.2.2.
Log (Z M?,V(MV) = > Ary@x".
veS veS—{0}

Proof. Let us denote by I y(q) the number of isomorphism classes of indecomposable
representations in Rep (). By the Krull-Schmidt theorem, a representation of /" decomposes
as a direct sum of indecomposable representation in a unique way up to permutation of the
summands. Notice that, for v € S, each summand of an element of Rep* T. y(Fg) lives in some
Rep* T. w(Fg) for some w € S. On the other hand, by Lemma 3.2.1, Rep7 T (IFq) contains all the
1ndecomp0sable representations in Rep p (I, ). This implies the followmg identity

Y oMi XY= [] a-x")@,
ves veS—{0}

where XV denotes the monomial [[; ., X lv i for some fixed independent commuting variables
{Xi}ier. Exactly as Hua [11, Proof of Lemma 4.5] does we show from this formal identity that

Log(ZM?,v<q>XV>= > Ary@x¥. O

veS veS—{0}

It follows from Proposition 3.2.2 that since Ay y(T') € Z[T] the quantity M}’V(q) is also the
evaluation of a polynomial with integer coefficients at T = q.

Given a non-increasing sequence u = (ng > n; > ---) of non-negative integers we let
Au be the sequence of successive differences no — ny,n; — na.... We extend the notation of
Section 2.2.1 and denote by Fa, the set of partial flags of IF,-vector spaces

{OJCE C---CE'CE'=F,)™
such that dim(E?) = n;. ‘
Assume thatv € Sandlet w = (u', ..., u¥), where ! is the partition obtained from Av; by

reordering, where v; := (vo > v[;,1] = -+ > v[;,5;,1). Consider the set of orbits

k
&, (F,) = (Matno(]Fq)g < [ [ Fu (Fq)> / GL,, (F,),

i=1



102 T. Hausel et al. / Advances in Mathematics 234 (2013) 85—-128

where GL,, (IF,) acts by conjugation on the first g coordinates and in the obvious way on each
Fui(Eg).

Leto € Rep}i)v(]Fq) with underlying graded vector space V = Vp @ @i’ ; Vi, j1- We choose a
basis of Vj and we identify Vj with (IF,;)". In the chosen basis, the g maps ¢,,, with y € 2 — 9,
give an element in Mat,,(IF,)é. For each i = 1, ..., k, we obtain a partial flag by taking the
images in (IF,)™ of the V|; j1’s via the compositions of the ¢, ’s where y runs over the arrows of
the i-th leg of I'. We thus have defined a map

k
Rep’})v(lﬁ’q) —> (Matvo(]Fq)g X H]—'Avl. (]Fq)> /GLUO(IFq). (3.2.1)
i=1

The target set is clearly in bijection with &, (IF,;) as Fay, (F) is in bijection with F, i (Fy). Onthe
other hand two elements of Rep7. | () have the same image if and only if they are isomorphic.
Indeed, if v;7 = (vo > vﬁ > > vﬁ r,-l) is the longest strictly decreasing subsequence of
v;, then v~ is a dimension vector of the comet-shaped quiver '~ obtained from (I, v) by gluing
together the vertices on each leg on which v has the same coordinate. Then the natural projection
Rep?v(]Fq) — Rep’}av> (F,) induces a bijection M}’V(Fq) ~ M}Z>’V> (F4) on isomorphism
classes whose target is clearly in bijection with the target of the map (3.2.1). The map (3.2.1)
induces thus a bijection M?’V(Fq) >~ &, [F,).

For a multi-partition g = (u', ..., u*) define a new comet-shaped quiver I’y consisting of
g loops on a central vertex and k legs of length /(u') — 1 and let v, be the dimension vector as
in Section 1.3 (for v and u as above, I, = I'”). Applying the above construction to the pair
(I'w, vy) we obtain a bijection M}wvﬂ (Fy) = &y (Fy). Put Gy (g) = #6,(F,) and let Ay (q)
be the Kac polynomial of the quiver I, for the dimension vector v.

Theorem 3.2.3. We have

Log| > Gul@mu | = > Au@my.

pePk nePk—{0}
Proof. In Proposition 3.2.2 make the change of variables
Xo=x1,1"" Xk 1, Xii,j ::x;jlxi,j-i-la i=12,...,k, j=1,2,....

Since the terms on both sides are invariant under permutation of the entries v; 17, v[i 2], ... of v
we can collect all terms that yield the same multipartition g. The resulting sum of XV gives the
monomial symmetric function m, (x). O

Remark 3.2.4. Since A, (q) € Z[q], it follows from Theorem 3.2.3 that G(¢) € Z[q].

Recall that IF denotes an algebraic closure of Fy and f : F — F, x — x9 is the Frobenius
endomorphism.

Proposition 3.2.5. We have

log (Z Gu(Q)mu) = ifbd(q) -log (Q (x‘f, axbo, qd/2>)
w d=1

where ¢, (q) = % Zd\n ;L(d)(q"/d — 1) is the number of { f)-orbits of F* .= F — {0} of size n.
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Proof. If X is a finite set on which a finite group H acts, recall Burnside’s formula which says
that

1
#X/H = — #xeX|h -x=x}
|H'heH

Denote by C, the set of conjugacy classes of GL, (IF;). Applying Burnside’s formula to
&, (F,), with u € (P,)¥, we find that

k
Gu(@) = IGL,FpI™" Y A@[[#X e Fulg-X=X)
g€GL, (Fy) i=1

IGL.(F)™" > A(g)]"[RL (H(g)

¢€GL, (F,)

/1((’))

For a conjugacy class O of GL, (F,), let w(O) denote its type. By Formula (2.1.9), we have

AO
Q = Hw((’))(oa ﬁ)
|Zol

By Corollary 2.2.3, we deduce that

Z Gu@mu = Huo) 0, V/q) H Ho(0)(Xi, q)
OeC
where C := > Cn.
We denote by F* the set of (f)-orbits of F*. There is a natural bijection from the set C
to the set of all maps F* — P with finite support [19, IV,2]. If C € C corresponds to

o : F* — P, then we may enumerate the elements of {s € F* | a(s) # 0} as cy,..., ¢
such that w (@) = (d(c1), a(cy)) - - - (d(cr), a(cr)), where d(c) denotes the size of ¢, is the type
w(C).

We have

D Gu@mu = Y HowO, f)]‘[Hw(m(x,,q)
"

acPF*
- 1—[ Q(xf("),...,x;’(“);o, qd(c)/z)
ceF*
s ba(q)
2
= Q(x‘f,...,x‘,f;o,qd/> .
d=1

Remark 3.2.6. The second formula displayed in the proof of Proposition 3.2.5 shows that
Gu(g) = (A® Ry (1), 1)
where Ry (1) := RY (H®---® RY (D).
n Iz
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Theorem 3.2.7. We have
Au(q) = Hp (0, /q).

Proof. From Formula (2.1.15) we have

> HL (0. /g) my = (q — 1Log (200, /7)) .
"

‘We thus need to see that
> Au(@mu = (g — DLog (200, /7)) - (32.2)
n

From Theorem 3.2.3 we are reduced to prove that

Log (Z G,L(q)mu> = (¢ — DLog (2(0, 7))
n

But this follows from Lemma 2.1.2 and Proposition 3.2.5. O
3.3. Another formula for Kac polynomials

When the dimension vector v, is indivisible, it is known by Crawley-Boevey and van den
Bergh [2] that the polynomial A,(g) equals (up to some power of g) the polynomial which
counts the number of points of some quiver variety over IF,.

Here we prove some relation between A, (g) and some variety which is closely related to
quiver varieties. This relation holds for any u (in particular v, can be divisible). We continue to
use the notation G, P,, L, Uy, F, of Section 2.2 and the notation g, p;, [, ux of Section 2.2.2.

For a partition X of n, define

X = {(X, gP) egx (G/P) | g ' Xg € U/\}~

It is well-known that the image of the projection p : X, (F) — g(F), (X, gPy) — X is the
Zariski closure O, of the nilpotent adjoint orbit O;, of gl, (F) whose Jordan form is given by 1’,
and that p is a desingularization.

Put

Vy = {(al,bl, ..., 4, by, (Xl,glPlLl),...,(Xk,ngMk)) € g’

Z[ai,bi]—i-ZXj :0}
i J

me x---xXMk

where [a, b] = ab — ba.
2
Define A~ : g — C, z — ¢8" A(z). By [9, Proposition 3.2.2] we know that

A~ = F8(F)

where for z € g,

F(2) ::#{(al,bl,...,ag,bg) € g’¢

Z[aisbi] =z} .
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1
By Remark 2.2.11, the functions A~ and SRf{ =q 20X ’\?)Ra are characters of g. Put
Ru (1) = %?MI D ® %?Mk(l).
For two functions f, g : g — C, define their inner product as

(f8)=lgl™" Y r0eX).

Xeg

Proposition 3.3.1. We have
[Vl = (A~ @ Ru (D), 1).

Proof. Notice that
VAR (F * Q?Ml ek Qﬁlk) (0).

Hence the result follows from Propositions 2.2.8 and 2.2.10. O

The proposition shows that |V | is a rational function in ¢ which is an integer for infinitely
many values of g. Hence |V | is a polynomial in ¢ with integer coefficients.
Consider

Vil
V(q) = ——.
" Gl
Recall that d, = n?Q2g —2+k) — Zi,j(Mi-ﬁ +2.

Theorem 3.3.2. We have

1
Log (Z g 22 Vu(Q)’"u) = qu Y Au(@my.
n

"

By Lemma 2.1.2 and Formula (3.2.2) we are reduced to prove the following.

Proposition 3.3.3. We have

log (Z q%(dﬂz)Vu(q)m,L> = i(pd(q) -log (Q (x‘f e Xz; 0, qd/z))
n d=1

where ¢, (q) = % Zdln w(d)q™'? is the number of (f)-orbits of F of size n.

Proof. By Proposition 3.3.1, we have

—n?+} (knz—Z(ui-)z
ij

Valg) =1 Y AT@RE (D0 RE (D).

xeg

|G|

By Remark 2.2.9 and Corollary 2.2.3, we see that Ra(l)(x) = <I:Iw(x; q), hy (x)> when the G-

orbit of x is of type w.
We now proceed exactly as in the proof of Proposition 3.2.5 to prove our formula. [
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3.4. Applications to the character theory of finite general linear groups

The following theorem (which is a consequence of Theorems 3.2.7 and 2.2.6) expresses
certain fusion rules in the character ring of GL,(IF,) in terms of absolutely indecomposable
representations of comet shaped quivers.

Theorem 3.4.1. We have
(AQ Ry, 1) = Ap(q).

From Theorems 3.4.1 and 3.1.1 we have the following result.

Corollary 3.4.2. (A ® Ry, 1) # 0ifand only if v, € ®(I'y)*. Moreover (A Q Ry, 1) = 1 if
and only if v, is a real root.

Remark 3.4.3. We will see in Section 5.2 that v, is always an imaginary root when g > 1, hence
the second assertion concerns only the case g = 0 (i.e. A = 1).

A proof of Theorem 3.4.1 for v, indivisible is given in [9] by expressing (A ® Ry, 1) as the
Poincaré polynomial of a comet-shaped quiver variety. This quiver variety exists only when v,
is indivisible.

4. Example: Hilbert scheme of n points on C* x C*

Throughout this section we will have ¢ = k = 1 and p will be either the partition (n) or
(n—1,1).
In this section we illustrate our conjectures and formulas in these cases.

4.1. Hilbert schemes: review

For a non-singular complex surface S we denote by Sl the Hilbert scheme of 7 points in S.
Recall that S is non-singular and has dimension 2n. We denote by Y!"! the Hilbert scheme of
n points in C2.

Recall (see for instance [21, Section 5.2]) that hi,(Y[”]) = 0 unless i is even and that
the compactly supported Poincaré polynomial P.(Y!;q) = > hgi(Y["])q" is given by the
following explicit formula

d o rMigrt =] 1—; “4.1.1)

m+17m
n>0 m>1 ) T

which is equivalent to

Log (Z g " Pe(Y!M, q)T") =qy T" (4.1.2)

n>0 n>1

For n > 2, consider the partition © = (n—1, 1) of n and let C be a semisimple adjoint orbit of
gl (C) with characteristic polynomial of the form (—1)"(x — )"~ ' (x — g) with g = —(n — )
and o # 0. Consider the variety

Viu-1.1) = {(a, b, X) € (g1,)* x C | [a, b] + X = O}.
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The group GL, acts on V(,—1,1) diagonally by conjugating the coordinates. This action
induces a free action of PGL,, on V(,—1,1) and we put

Qu-1,1) = Vu-1,1)/PGL, = Spec (C[V(nfl,l)]PGL"> )

The variety Q,—1,1) is known to be non-singular of dimension 2n (see for instance
[9, Section 2.2] and the references therein).
We have the following well-known theorem.

Theorem 4.1.1. The two varieties Q,—1,1) and Y ("] have isomorphic cohomology supporting
pure mixed Hodge structures.

Proof. By [9, Appendix B] it is enough to prove that there is a smooth morphism f : 9t — C
which satisfies the two following properties.

(1) There exists an action of C* on 9t such that the fixed point set mC” is complete and for all
x € X the limit limy,, ¢ Ax exists.

2) Qu-1.y = f7'() and Y = £71(0).

Denote by v the dimension vector of I',_1,1) which has coordinate n on the central
vertex (i.e., the vertex supporting the loop) and 1 on the other vertex. It is well-known (see
Nakajima [21]) that Y!" can be identified with the quiver variety 9o 4 (v) where 6 is the stability
parameter with coordinate —1 on the central vertex and n on the other vertex. If we let £ be
the parameter with coordinate —« at the central vertex and o — S at the other vertex, then
the variety Q(,—1,1) is isomorphic to the quiver variety Mg o(v) (see for instance [9] and the
references therein). Now we can define as in [9, Section 2.2] a map f : 9 — C such that
1) = Moo (v) and f - = M o (v) and which satisfies the required properties. [

Corollary 4.1.2. We have

P q) = 4" - Ap-1.)(@)-

Proof. We have P.(Qu—-1,1;9) = q" - Hu—1,10(0, \/g) by [9, Theorem 1.3.1] and so by
Theorem 3.2.7 we see that Pe(Qu—1,1); ) = q" - Au—1,1)(q). Hence the result follows from
Theorem 4.1.1. [

Now put X := C* x C*. Unlike Y], the mixed Hodge structure on X! is not pure. By
Gottsche and Soergel [8, Theorem 2] we have the following result.

Theorem 4.1.3. We have h:/* (X)) = 0 unless i = j and

2n+1 ,n7n\2
[n]. n_ 14+t q"T")
1+ Z He (X7 g, 0T = l l (1= q"*th”T")(l _ t2n+2qn+1Tn) (4.1.3)

n>1 n>1
with He (X); g, 1) = 3, e (XU g%,

Define H!"!(z, w) such that

1
H, (X[”]; q, t) = (t/q)*"H" (—t q, ﬁ) .
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Then Formula (4.1.3) reads

_ ny2
S H @ w)T" =[] (4~ zwl™) (4.1.4)

bt (L= 2T = w?T)

with the convention that HI% (z, w) = 1. Hence we may re-write Formula (4.1.3) as

Log (Z H"(z, w)T") =G@-w)?’ Y T" (4.1.5)

n>0 n>1

Specializing Formula (4.1.5) with (z, w) + (0, ./q) we see from Formula (4.1.2) that

P.(Y"; g) = ¢" - HM(0, \/9). (4.1.6)

We thus have the following result.

Proposition 4.1.4. We have
PH.(X"; T) = P.(Y"; T)

where PH. (X", T) = Y hi’i;Zi(X[”])Ti is the Poincaré polynomial of the pure part of the
cohomology of X,

4.2. A conjecture
The aim of this section is to discuss the following conjecture.
Conjecture 4.2.1. We have
Hei—1,1) (2, w) = H" (2, w). 4.2.1)

Modulo the conjectural Formula (1.1.1), Formula (4.2.1) says that the two mixed Hodge
polynomials H.(X"!; ¢, ¢) and H, (Mn-1,1); ¢, t) agree. This would be a multiplicative
analogue of Theorem 4.1.1. Unfortunately the proof of Theorem 4.1.1 does not work in the
multiplicative case. This is because the natural family g : ¥ — C with X"l = ¢=1(0) and
Mu-—1,1y = g '(») for 0 # A € C does not support a C*-action with a projective fixed point
set and so [9, Appendix B] does not apply.

One can still attempt to prove that the restriction map H*(X; Q) — H* (g_l(k); Q) is an
isomorphism for every fiber over . € C by using a family version of the non-Abelian Hodge
theory as developed in the tamely ramified case in [22]. In other words one would construct
a family gpol : Xpoi — C such that g];gl (0) would be isomorphic with the moduli space of
parabolic Higgs bundles on an elliptic curve C with one puncture and flag type (n — 1, 1) and
meromorphic Higgs field with a nilpotent residue at the puncture, and gggl (&) for A # 0 would
be isomorphic with parabolic Higgs bundles on C with one puncture and semisimple residue
at the puncture of type (n — 1, 1). In this family one should have a C* action satisfying the
assumptions of [9, Appendix B] and so could conclude that H*(Xpo; Q) — H *(gS(}l A); Q) is
an isomorphism for every fiber over A € C. Then a family version of non-Abelian Hodge theory
in the tamely ramified case would yield that the two families Xp, and X are diffeomorphic, and
so one could conclude the desired isomorphism H* (X nl. Q) = H* (M n—1,1)) preserving mixed
Hodge structures. However a family version of the non-Abelian Hodge theory in the tamely
ramified case (which was initiated in [22]) is not available in the literature.
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Proposition 4.2.2. Conjecture 4.2.1 is true under the specialization z = 0, w = ,/q.

Proof. The left hand side specializes to A,—1,1)(g) by Theorem 3.2.7, which by (4.1.5) and
Corollary 4.1.2 agrees with the right hand side. O

The Young diagram of a partition A = (A1, A2, ...) is defined as the set of points (i, j) € 7?2
such that 1 < j < X;. We adopt the convention that the coordinate i of (i, j) increases as one
goes down and the second coordinate j increases as one goes to the right.

For A # 0, we define ¢ (z, w) = Z(i,j)ek 2/=1wi=1, and for A = 0, we put ¢, (z, w) = 0.
Define

Az, w; T) =) Hiz, wga (2%, wHTH,
A

Aoz wi T) =Y Hy(z,w)T™.
A

Proposition 4.2.3. We have
Az, w; T)

ZH(n—l,l)(Zv w)T" = (&~ D - wz)m.

n>1

Proof. The coefficient of the monomial symmetric function m1¢,—1,1)(x) in a symmetric function
in A(x) of homogeneous degree n is the coefficient of u when specializing the variables
x = {x1,x2,...} to {1,u,0,0,...}. Hence, the generating series Zn>] Hu—1,1y(z, w)T" is the
coefficient of u in B

(@ = D — w?)Log (ZHA(Z, w)H,(1,u,0,0, ... 2%, w?) T'*') :
A

‘We know that

Hy (% 2,w) = Y Ko (2, w)sp (%),
P

and s,(x) = >, 4, Kpumy(x) where K, are the Kostka numbers. We have
sy (1, 1,0,0,..) =1+ u+ 0w?
Sa—1.1y(1,14,0,0,...) = u+ Ou?
and
sp(1,1,0,0,...) = Ow?)
for any other partition p. Hence,
H(1,u,0,0,...:2,w) = Kz, w)(L+ ) + K10z whu + 0 ().

From Macdonald [19, p. 362] we obtain I%(n)x(a, b) = 1 and Ig(n,],m(a, b) = ¢y(a,b) — 1.
Hence, finally,

H(1,u,0,0,...:2,w) = 1 + ¢u(z, wu + OW?). 4.2.2)
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It follows that (z2 — 1)~1(1 — w?)~! anl H,—1,1y(z, w)T™ equals the coefficient of u in

Log (Z H;.(z, w) (1 + ¢ (22 wHu + O(u2)> T“)
Y

— Log (AO(T) + A(Tu + 0(u2)) .
The claim follows from the general fact

A(T)

2
Ao O

Log (AO(T) +A(T)u+ 0(u2)> — Log A(T) +
Combining Proposition 4.2.3 with (4.1.4) we obtain the following.

Corollary 4.2.4. Conjecture 4.2.1 is equivalent to the following combinatorial identity

14 (2= D1 —w?) (4.2.3)

Ay(z,w;T) 1—[ (1 — zwT™)?
Aoz, w; T) LA -2 —w2Tny

n>1
The main result of this section is the following theorem.

Theorem 4.2.5. Formula (4.2.3) is true under the Euler specialization (z, w) +— (f, l/ﬂ),'
namely, we have

Hi1.n( 27 =H" (@, 27, (4.2.4)
Equivalently, the two varieties M,—1,1) and X" have the same E-polynomial.
Proof. Consider the generating function

Fi=(1-20-w)) ¢z w)T".
A

It is straightforward to see that for A # 0 we have

)
1 + Z(wl _ wl—l)z)u,' _ wl(}u)
i=1

14 Z(wi —whHM,

i>1

I =21 —w)gr(z, w)

Interchanging summations we find
F=Y @ —w™ )Y M4y 7l
i>1 2#0 A#£0
To compute the sum over A for a fixed i we break the partitions as follows:
MZA == ki1 = A = Ajpp = -
\_5_/
and we put
o= ig1,...)
o= (= Ay A2 — Ay oy il — Ai).
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Notice that 1} =1(n) < i, p1 =1(p") = A and |A| = |u| + |p| +1(p")GE = 1).
We then have

ZZMT\M — Z 71l Zzl(p)T\ﬂH(l’*l)l(f))
A

ny<i P

(changing p to p" and u to u’). Each sum can be written as an infinite product, namely

i—1
ST =Ta -1 [T —erm+=hH="
A k=1

n>1

So

i—1
F=S1M4+ Y wi—w (H(l o [CES 1)
k=1

A#£0 i>1 n>1
. Th . .
_ Al __gny—1 i _ it —z i il
= ;T +[Ja = Y w )H —n, — 2w —w
£0 n>1 i>1 i>1

The last sum telescopes to 1 and we find

1— 7Tk
F = ZTW +£[1(1 ZTH Y w—1) ; wi! ]‘[ ((1 — Tk)) (4.2.5)
By the Cauchy g-binomial theorem the sum equals

1 l—[ (1 —wzT™)

I-w), 7 A—-wl"
Also
ZTW =[Ja-1nH""
n>1

If we divide Formula (4.2.5) by this we finally get

1 (1 —wzT™ (1 — T

o _ _ pmn Al —
I-a-201-w]]a T)Zd)x(z w)T — T — Iy

n>1 n>1 (1

Putting now (z, w) = (¢, 1/g) we find that
- - =1/ [Ja -1 qu, 1/q)T™

n>1
_ (1 _ Tn)Z
B ,g A —qTH(1—qg~'TY’ (4.2.6)

From Formula (2.1.10) we have H, (,/q, 1/,/q) = 1 (since g = 1) and so

Ay <ﬁ L; T) = Z‘/’A (Q’ l) T4

Ao( ) ZT'M—H(I L

n>1
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Hence, under the specialization (z, w) = (,/q,1/./q), the left hand side of Formula (4.2.3)
agrees with the left hand side of Formula (4.2.6).

Finally, it is straightforward to see that if we put (z, w) = (\/q,1/,/q), then the right
hand side of Formula (4.2.3) agrees with the right hand side of Formula (4.2.6); hence the
theorem. [

4.3. Connection with modular forms

For a positive, even integer k let G be the standard Eisenstein series for SL,(Z)
—Bx k—1
G (T) = — d~—'T", 4.3.1
(1) =— =+ ; ; 43.1)

where By is the k-th Bernoulli number.
For k > 2 the G’s are modular forms of weight k; i.e., they are holomorphic (including at
infinity) and satisfy

Gy (af + b) — (et + A Gy (1)

d
T J; (43.2)
for (a ) € SLy(Z), T =¥, 3t >0.
c d
For k = 2 we have a similar transformation up to an additive term.
b
Gy (20 = (7 + d)2Ga(1) — - (et +d). (4.3.3)
ct+d 4mi

The ring Q[G2, G4, Gg] is called the ring of quasi-modular forms (see [14]).

Theorem 4.3.1. We have

1 uk
1+ Hoi (e“/Z, e_“/z) " = — (e”/2 - e—“/2) exp (23 G ).
’; (n ) p p ; X

In particular, the coefficient of any power of u on the left hand side is in the ring of quasi-modular
Sforms.

Remark 4.3.2. The relation between the E-polynomial of the Hilbert scheme of points on a
surface and theta functions goes back to Géttsche [7].

Proof. Consider the classical theta function

_ . n _ o n,,,—1
6wy = (1 —w) [T 4 q(llu)_(lqn)fw ), 4.3.4)

n>1

with simple zeros at ¢g”, n € Z and functional equations

(i) 0(qw) = —w 'O (w)

(4.3.5)
() o(w™H = —w'o(w).
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We have the following expansion

1 1

9(w) 1-—

1

mepel (4.3.6)

m

nm
g w

n,m>0
n#m mod 2

This is classical but not that well known. For a proof see, for example, [12, Chapter VI, p. 453],
where it is deduced from a more general expansion due to Kronecker. Namely,

0(’/“)) Z mn, m. n mn, —m_ —n
q""u"v" — Z q™"u"v",
9(1,{)@(11) m,n>0 m,n>1
(To see this set v = u_% and use the functional equation (4.3.5) to get

1 1 1 1
_ + mn (wmfz(nJrl) _ wm+§(n71)) i
o) 1—w 2 4

m,n>1

which is equivalent to (4.3.6).) It is not hard, as was shown to us by J. Tate, to give a direct proof
using (4.3.5).
From (4.3.6) we deduce, switching g to T and w to ¢, that

a- Tn)z s=r=1 2-r+1
,g(l—qT")(l—q—lTn I+ ) - 1)“( 7 —q 7 ) (4.3.7)

r,s>0
r#s mod 2

which combined with Theorem 4.2.5 gives

1 s—r—1 2—r+1
Hn-1,1) (f —>= (=1’ (q T —q 2 ) (4.3.8)

We compute the logarithm of the left hand side of (4.3.7) and get

mn

D@+ =) —

m,n>1

Applying (g ;- )k and then setting ¢ = 1 we obtain

m,n>1
which vanishes identically if & is odd. For k even, it equals
RN
n>1 dn

Comparing with (4.3.1) we see that this series equals 2Gy, up to the constant term.
Note that if g = ¢" then

d . d
qdq Cdu’
Hence,

By uf
log<1 + > Houo1n (e, e—“/z)T”) = <2Gk + 7") R

n>1 k>2
even

g=1<-u=0.
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On the other hand, it is easy to check that

B k
uexp(ZTk %) =2 —¢7ul?

k>2

(Bx = 0if k > 1is odd.) This proves the claim. [
5. Connectedness of character varieties
5.1. The main result

Let g be a multi-partition (11!, . .., 1*) of n and let M u be a genus g generic character variety
of type p as in Section 1.1.

Theorem 5.1.1. The character variety M, is connected (if not empty).

Let us now explain the strategy of the proof. We first need the following lemma.

Lemma 5.1.2. If M, is not empty, its number of connected components equals the constant
term in E(My; q).

Proof. The number of connected components of M, is dim H ‘M > C) which is also equal to
the mixed Hodge number /%90 (M w-
Poincaré duality implies that

TR M) = R TTTE (),

From Formula (1.1.3) we thus have

EMyu;9) =) (Z(—l)"h’*“"(Mm) q'.
k

1

On the other hand the mixed Hodge numbers A/:¥(X) of any complex non-singular variety X
are zero if (i, j, k) € {(i, j, k)|i <k, j <k, k < i+ j};see[3]. Hence h*%K(M,) = 0ifk > 0.
We thus deduce that the constant term of E(My; q) is K000 A w- O

From the above lemma and Formula (1.1.2) we are reduced to prove that the coefficient of the

d,
lowest power q’Tﬂ of g in Hy (\/q,1/./q) is equal to 1.
The strategy to prove this is in two steps. First, in Section 5.3.1 we analyze the lowest power
of g in A, (gq), where

2(Vq.1/4q) = ZAA,L(Q) My.
A

Then in Section 5.3.2 we see how these combine in Log (Q (f, l/ﬁ)). In both cases,
Lemmas 5.2.8 and 5.3.6, we will use in an essential way the inequality of Section 6. Though
very similar, the relation between the partitions v?” in these lemmas and the matrix of numbers
x;,j in Section 6 is dual to each other (the v” appear as rows in one and columns in the other).
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5.2. Preliminaries

For a multi-partition g € (Pn)* we define

1 1 1 N2
AW = 3dy =1 = 528 =2+ kn” = 3 (u,) . (5.2.1)

iJ

Remark 5.2.1. Note that when g = 0 the quantity —2A(w) is Katz’s index of rigidity of a
solution to X1 - - - X3 = I with X; € C; (see for example [15, p. 91]).

From u we define as in Theorem 3.2.3 a comet-shaped quiver I" = I', as well as a dimension
vector v = v, of I'. We denote by / the set of vertices of I" and by {2 the set of arrows. Recall

that  and v are linearly related (vo = n and v; j) = n — Zle ui for j > 1 and conversely,
nY =n—vy ) and Mlj = v[;, j—1]—V[;, j for j > 1). Hence A yields an integral-valued quadratic
from on Z!. Let (-, -) be the associated bilinear form on 7! so that

v, V) = 2A(n). (5.2.2)

Let e and e[;, ;] be the fundamental roots of I" (vectors in Z’ with all zero coordinates except for
a 1 at the indicated vertex). We find that

(eo, €0) =2g — 2, (e, j1- €(i,j1) = —2,

(o, ep) =1 (e, e j+11) = 1,

fori =1,2,...,k,j=1,2,...,s; — 1 and all other pairings are zero. In other words, A is the
negative of the Tits quadratic form of I" (with the natural orientation of all edges pointing away
from the central vertex).

With this notation we define

k
§=06(m) = (e0.V) = Qg —2+kn— Y ul. (5.2.3)
i=1

Remark 5.2.2. In the case of g = 0 the quantity § is called the defect by Simpson (see
[23, p. 12]).
Note that 6 > (2g — 2)n is non-negative unless g = 0. On the other hand,

(e, j1, V) = Ml] = M;H > 0. (5.2.4)

We now follow the terminology of [13].

Lemma 5.2.3. The dimension vector V is in the fundamental set of imaginary roots of I' if and
only if §(p) > 0.

Proof. Note that v; j; > 0if j < /() and vy; j; = O for j > [(u'); since n > 0 the support of
v is then connected. We already have (e; j1, v) > 0 by (5.2.4); hence v is in the fundamental set
of imaginary roots of I" if and only if § > O (see [13]). [
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For a partition u € P, we define

o(pu) =np; — ZM?
J
and extend to a multipartition p € (P,)* by

k
o) =) o).
i=1
Remark 5.2.4. Again for g = 0 this is called the superdefect by Simpson.

We say that i € P, is rectangular if and only if all of its (non-zero) parts are equal, i.e.,
w = (") for some ¢ | n. We extend this to multi-partitions: g = (wh,....uk e (PoFis
rectangular if each p/ is (the u!’s are not required to be of the same length). Note that g is
rectangular if and only if the associated dimension vector v satisfies (e;, j1, v) = 0 for all [, j]
by (5.2.4).

Lemma 5.2.5. For p € (P,)* we have
o(p) =0
with equality if and only if | is rectangular.

Proof. For any u € P, we have nju; = 41y M= > i /Jci and equality holds if and only if

mr=pj. U
Since
2A(p) =nd(p) +o(p) (5.2.5)
we find that
dy >ndé(p) +2 (5.2.6)

and in particular d,, > 2if 6(p) > 0.

If I' is affine it is known that the positive imaginary roots are of the form 7v* for an integer
t > 1 and some v*. We will call v* the basic positive imaginary root of I'. The affine star-shaped
quivers are given in the table below; their basic positive imaginary root is the dimension vector
associated to the indicated multi-partition p*. These u*, and hence also any scaled version ¢ pu*
for ¢t > 1, are rectangular. Moreover, A(p*) = 0 and in fact, u* generates the one-dimensional
radical of the quadratic form A so that A(u*, v) = 0 for all v.

Proposition 5.2.6. Suppose that p = (1, ..., u*) € (P)* has $(u) > 0. Then d,, = 2 if
and only if I' is of affine type, i.e., I' is either the Jordan quiver J (one loop on one vertex),
D4, Es, E7 or Eg, and p = tp* (all parts scaled by t) for some t > 1, where ™, given in the
table below, corresponds to the basic imaginary root of I

Proof. By (5.2.5) and Lemma 5.2.5 d;, = 2 when §() > 0 if and only if §(u) = 0 and p is
rectangular. As we observed above 6(u) > (2¢g —2)n. Hence if 6(u) =O0theng =1org = 0.
If g = 1 then necessarily u' = (n) and I is the Jordan quiver J.
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If g = O then § = 0 is equivalent to the equation

k
2
i=1

where [; := n/t; is the length of 1/ = (tlfl/ ). In solving this equation, any term with /; = 1 can be
ignored. It is elementary to find all of its solutions; they correspond to the cases I' = Dy, E¢, E7
or Eg.

We summarize the results in the following table

NI,_

k-2, (5.2.7)
i

*

I ll' n n
J (1) 1 ey
Dy | (2,2,2,2) | 2] (1,1, @, D, (1,1, (1,1
3
4

E¢ | (3,3,3) 1,11, 1,1,1), 1,1,1) (5.2.8)

E7 | (2,44 2,2, 4, LD, 4, L1L1D
Eg | (2,3,6) | 63,3, (2,2,2), (1,1,1,1,1,1)

where we listed the cases with smallest possible positive values of n and k and the corresponding
multi-partition p*. O

Proposition 5.2.6 is due to Kostov; see for example [23, p. 14].
We will need the following result about A.

Proposition 5.2.7. Let . € (P,)* and v? = (P, ... v&P) € (Pnp)k forp =1,...,s be
non-zero multi-partitions such that up to permutations of the parts of v-*P we have

)
W= Zvi’P, i=1,...,k.
p=1
Assume that () > 0. Then
N

D AP < A

p=1
Equality holds if and only if

() s=1and p ="
or
(ii) I' is affine and p,v', ..., v® correspond to positive imaginary roots.

We start with the following. For partitions p, v define

ou(w) = palv? =l Y7
i
Note that o, () = || o ().

Lemma 5.2.8. Let v', ..., v* and p be non-zero partitions such that up to permutation of the
parts of each vP we have Z;Zl vP = . Then

3 0,(07) = 0 ().
p=1
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Equality holds if and only if:
() s=1land p=v';

or
(i) v', ..., v and p all are rectangular of the same length.
Proof. This is just a restatement of the inequality of Section 6 with x;; = v(’;k i) for the

appropriate permutations og, where 1 <i <[(u), 1 <k <s. O

Lemma 5.2.9. If the partitions |, v are rectangular of the same length then

0, (v) =0.

Proof. Direct calculation. [

Proof of Proposition 5.2.7. From the definition (5.2.1) we get

k
2nA(p) = s(myn* + Z 0L 73
i=1

and similarly

k
MmAWP) =8(wny + Y 0, (V). p=1,....s
i=1

hence

s s k s
MY AW =8() Y _nh 4> D o).
p=1 p=1

i=1 p=1
Since n = Z;:l np and 8(u) > 0 we get from Lemma 5.2.8 that

S
D AWP) < Ap)
p=1
as claimed.
Clearly, equality cannot occur if §(u) > O and s > 1. If §(u) = 0 and s > 1 it follows from
Lemmas 5.2.8, 5.2.9 and (5.2.5) that A(u) = A(wP) = O0for p = 1,2,...,s. Now (ii) is a
consequence of Proposition 5.2.6. [J

5.3. Proof of Theorem 5.1.1

5.3.1. Step 1
Let
)2g+k—2

k
(i (x0), 55.%iy)) (5.3.1)

Aip(q) =g (q_”(“Hx(q)
i=1

so that by Lemma 2.1.5

Q(Va, 1/va) =) Auu(@) my.

Ap
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It is easy to verify that A, is in Q(g).

For a non-zero rational function A € Q(g) we let v, (A) € Z be its valuation at g. We will
see shortly that Ay, is nonzero for all 1, pt; let v(A) = v, (Aw (q)). The first main step toward
the proof of the connectedness is the following theorem.

Theorem 5.3.1. Let p = (', 2, ..., n*) € P,* with 8(u) > 0. Then we have the following.
(i) The minimum value of v(A) as A runs over the set of partitions of size n, is

v((1M) = —Apw).
(i) There are two cases as to where this minimum occurs.

Case I: The quiver I is affine and the dimension vector associated to L is a positive imaginary
root tv* for some t | n. In this case, the minimum is reached at all partitions A which
are the union of n/t copies of any g € P;.

Case II: Otherwise, the minimum occurs only at . = (1").

Before proving the theorem we need some preliminary results.

Lemma 5.3.2. (h,(x), 5;.(Xy)) is non-zero for all X and p.

Proof. We have s, (xy) = Y, Kym,(xy) [19,16 p. 101] and m,, (xy) = Zu Cyu(y) my(x) for
some Cy, (y). Hence

(hu (), 52(xy)) = Y Ky Cun(y)- (53.2)
1%
For any set of variables Xy = {x;y;}1<i,1<; we have
Cop) =D _mi(y)--mp(y), (5.3.3)
where the sum is over all partitions p!, ..., p” such that |p?| = wp and plU.---Up =

In particular the coefficients of C,,(y) as power series in g are non-negative. We can take,
for example, p? = (1#r) and then v = (1"). Since K;, > 0 [19, I (6.4)] for any A, v and
K;. any =n!/hy [19,16 Example 2], with ) = ]_[SE)\ h(s) the product of the hook lengths, we
see that (h,(x), s5(Xy)) is non-zero and our claim follows. [

In particular Ay, is non-zero for all A and p. Define

vk, 1) = vg ((hu (%), 51 (xy))) . (5.3.4)

Lemma 5.3.3. We have
k

—v(A) = (2g =2+ n0) + (g — Dn =Y v, u).
i=1
Proof. Straightforward. [
Lemma 5.3.4. For u = (1, 12, ..., i) € Py, we have

v(k, p) = minfn(p') + - +n(p") | 1P| = pp, Up pP <A} (5.3.5)
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Proof. For C,,(y) non-zero let v, (v,u) = vy (Cou(y)). When y; = ¢'~! we have
vy (m,(y)) = n(p) for any partition p. Hence by (5.3.3)
U (v, ) = minfn(p") + -+ + (") | 17| = pp, Up p? = v}

Since K, > O for any X, v, K;, > 0 if and only if v < A [5, Example 2, p. 26], and the
coefficients of C,, (y) are non-negative, our claim follows from (5.3.2). [

For example, if A = (17) then necessarily p? = (1*7) and hence p' U---U p” = A. We have
then

r 1 1 r
v ((1"), 1) =Z(“2”) =—§n+52u%. (5.3.6)
p=1 p=1
Similarly,
v(A, (n) =n() (5.3.7)

by the next lemma.

Lemma 5.3.5. If B < « then n(«) < n(B) with equality if and only if @ = B.

Proof. We will use the raising operators R;;; see [19, Ip. 8]. Consider vectors w with coefficients
in Z and extend the function n to them in the natural way

n(w) =Y (i — Hw;.

i>1
Applying a raising operator R;;, where i < j, has the effect
n(Rijjw) =n(w) +i — j.

Hence for any product R of raising operators we have n(Rw) < n(w) with equality if and only
if R is the identity operator. Now the claim follows from the fact that § < « implies there exist
such an R withe = RB. U

Recall [19, (1.6)] that for any partition A we have (A, 1) = 2n(X) + |A] = ), (k;)z, where
A= (A}, 15, ...) is the dual partition. Note also that (A U 1)’ = 1’ + " Define

141 = VO = [37a

The following inequality is a particular case of the theorem of Section 6.

Lemma 5.3.6. Fix . = (i1, w2, ..., Ur) € Py. Then for every oWl ... v e Puy x - x Py,
we have

2
i —n Y PP < pan® = ). (5.3.8)
p

D v
»

Moreover, equality holds in (5.3.8) if and only if either:

(i) the partition p is rectangular and all partitions vP are equal;
or
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(ii) foreach p = 1,2, ...,r we have vP = (jp).

Proof. Our claim is a consequence of the theorem of Section 6. Taking x,; = v’ we have
cpi=Y  Xps = v =ppandci=max,c, =pu;. O

The following fact will be crucial for the proof of connectedness.
Proposition 5.3.7. For a fixed u = (1, o, ..., ur) € P, we have
pin() = nv(, ) < pin® —nflul®. x € P

Equality holds only at » = (1") unless  is rectangular ;. = (t"/"), in which case it also holds
when M is the union of n/t copies of any Ly € P;.

Proof. Given v < A write win(X) —nv(h, ) as

pmin) —nv(d, w) = p1 () —n)) + pin(v) —nv(i, p). (5.3.9)
By Lemma 5.3.5 the first term is non-negative. Hence

pmin) —nvd, w) < pn(v) —nv(d, w), v JA.
Combining this with (5.3.5) yields

max [0 G) = oG, ] = max [pn(p! Up? U+ U o)
IAl=n 0P 1=,

— (o +...+n(pr))n]_ (5.3.10)

Take vP to be the dual of p? for p = 1,2,...,r. Then the right hand side of (5.3.10) is
precisely

2
2" :

p

2
w —ny v
P

which by Lemma 5.3.6 is bounded above by 1n? — n ||u||> with equality only where either
pP = (1#r) (case (ii)) or all p? are equal and p = (/1) for some ¢ (case (1)).

Combining this with Lemma 5.3.5 we see that to obtain the maximum of the left hand side of
(5.3.10) we must also have ,0l U---Up" = A.Incase (i), A is the union of n/¢ copies of Aq, the
common value of p”, and in case (ii), A = (1"). O

Proof of Theorem 5.3.1. We first prove (ii). Using Lemma 5.3.3 we have

k

(2g =2+ kn() + (g = Dn =Y v, 1)
i=1

—v(A)

5 1&g, ;

Zn) + (g — l)n—i——Z[uln(A)—nv(A,u )]. (5.3.11)
n i

The terms n(A) and > |, [/Liln()\) —nv(\, Mi)] are all maximal at A = (1") (the last by
Proposition 5.3.7). Hence —v(A) is also maximal at (1"), since § > 0. Now n(X) has a unique
maximum at (1”) by Lemma 5.3.5; hence —v () reaches its maximum at other partitions if and

only if 6 = 0 and for each i we have ! = (tl.n / "y for some positive integer #; | n (again by
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Proposition 5.3.7). In this case the maximum occurs only for A the union of n/t copies of a
partition Ao € Py, where t = gcd ¢;. Now (ii) follows from Proposition 5.2.6.
To prove (i) we use Lemma 5.3.3 and (5.3.6) and find that v((1")) = —A(u) as claimed. [

Lemma 5.3.8. Let p = (,ul, ,uz, R y,k) € Pnk with §(p) > 0. Suppose that v(}) is minimal.
Then the coefficient of q**) in Ay, is 1.

Proof. We use the notation of the proof of Lemma 5.3.4. Note that the coefficient of the lowest

power of ¢ in H;(/q, 1//q) (q‘”(k)H;\(q))k is 1 (see (2.1.10)). Also, the coefficient of the
lowest power of ¢ in each m; (y) is always 1; hence so is the coefficient of the lowest power of g

in Cy (y).
In the course of the proof of Proposition 5.3.7 we found that when v(A) is minimal, and
pl, ..., p" achieve the minimum on the right hand side of (5.3.5), then A = p! U---U p". Hence

by Lemma 5.3.4, the coefficient of the lowest power of g in (h,(X), s (Xy)) = Zvﬁk K Cou(y)
equals the coefficient of the lowest power of g in K, Cy, (y) = Cy,(y) which we just saw is 1.
This completes the proof. [

5.3.2. Leading terms of Log {2
We now proceed to the second step in the proof of connectedness where we analyze the
smallest power of ¢ in the coefficients of Log (£2 (\/7, 1/,/7)). Write

2(Vq.1/4/q) =Y _ Pulq)my (5.3.12)
"

with Py (q) =), Ay, and Ay, asin (5.3.1).
Then by Lemma 2.1.4 we have

Log (2 (V4. 1/v/4)) = ) CoPo(@) mo(q)

where @ runs over multi-types (di, ®') - - - (dy, ®*) with @” € (Pnp)k and P,(q) = ]_[p P,»

(@), mo () = [, monr (xIr).
Now if we let yup = (me, hy) then we have

_ (q — 1)2 0
Hy (V4. 1/vq) = BV Z CoPo@Vuw | -

weTk

By Theorem 5.3.1, v; (P (q)) = —d Z;zl A(wP) for a multi-type @ = (d, @) - - - (d, ®*).

Lemma 5.3.9. Let v, ... v be partitions. Then

(my---mys, hy) #0
ifand only if & = v' 4+ -+ + V5 up to permutation of the parts of each vP for p =1, ..., s.
Proof. It follows immediately from the definition of the monomial symmetric function. [

Let v be the dimension vector associated to .

Theorem 5.3.10. If v is in the fundamental set of imaginary roots of I then the character variety
My, is non-empty and connected.
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Proof. Assume v is in the fundamental set of roots of I'. By Lemma 5.2.3 this is equivalent to
§(p) = 0.

Note that m,(x?) = mg,(x) for any partition v and positive integer d. Suppose @ =
d,w")---(d,®*) is a multi-type for which Yuw 18 non-zero. Let v/ = de? for p =
1,...,s (scale every part by d). These multi-partitions are then exactly in the hypothesis of

Proposition 5.2.7 by Lemma 5.3.9. Hence

N
dZA(wP) <d224(w1’) > AP < Aw). (5.3.13)
p=1 p=1

Suppose I is not affine. Then by Proposition 5.2.7 we have equality of the endpoints in (5.3.13)
if and only if s = 1, v! = w and d = 1, in other words, if and only if @ = (1, u). Hence, since
C 0 = 1, the coefficient of the lowest power of g in H (f 1//q ) equals the coefficient
of the lowest power of g in P, (q) which is 1 by Lemma 5.3.8 and Theorem 5.3.1, Case II. This
proves our claim in this case.

Suppose now [ is affine. Then by Proposition 5.2.7 we have equality of the endpoints in
(5.3.13)ifand only if p = ru* and @ = (1, 1y *), ..., (1, t,u*) for a partition (¢, to, . . ., t) of
t and d = 1. Combining this with Lemma 5.3.8 and Theorem 5.3.1, Case I we see that the lowest
order terms in ¢ in Log (12 (/7. 1/,/q)) are

L _ZC p(t1) -+ p(ts) meps,

where the sum is over types @ as above. Comparison with Euler’s formula

Log (Z p(n) T”) =y 1"

n>0 n>1

shows that L reduces to )., m+. Hence the coefficient of the lowest power of g in
Hy (/7. 1//q) is also 1 in this case finishing the proof. [

Proof of Theorem 5.1.1. If g > 1, the dimension vector v is always in the fundamental set of
imaginary roots of I'. If g = 0 the character variety if not empty if and only if v is a strict root
of I" and if v is real then M, is a point [1, Theorem 8.3]. If v is imaginary then it can be taken
by the Weyl group to some v’ in the fundamental set and the two corresponding varieties M,
and M, are isomorphic for appropriate choices of conjugacy classes [1, Theorem 3.2, Lemma
4.3(ii)]; hence Theorem 5.1.1. [

6. Appendix by Gergely Harcos

Theorem 6.0.11. Let n, r be positive integers, and let xj;, (1 <i <n,1 < k <r) be arbitrary
nonnegative numbers. Let ¢; ‘= Zk xik and ¢ ‘= max; ¢;. Then we have

Pl ()2 =) - () (24)

Assuming min; ¢; > 0, equality holds if and only if we are in one of the following situations

(1) xik = xji foralli, j, k,
(i) there exists some | such that xij; = 0 for all i and all k # .
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Remark 6.0.12. The assumption min; ¢; > 0 does not result in any loss of generality, because
the values i with ¢; = 0 can be omitted without altering any of the sums.

Proof. Without loss of generality we can assume ¢ = ¢; > - -+ > ¢, then the inequality can be
rewritten as

2 22w = 2 ) = | 2w = 2D i
i J i,j k|l

Here and later 7, j will take values from {1, ..., n} and k, [, m will take values from {1, ..., r}.
We simplify the above as

> ¢ ZZ%W sc ZZWJI :
! 1\;&1 k

then we factor out and also utilize the symmetry in k, [ to arrive at the equivalent form

26 Qi S D€ )
k<l k<1

We distribute the terms in i, j on both sides as follows:

Zc, Zx,kx,l + Z Ci ijkxﬂ +cj Zx,kxll
. k<l
= Z lekle + Z Z(xlk-le +-xjkxll)
i k<[ IJ

i<j k<l

It is clear that

therefore it suffices to show that

Ci Zx]kxﬂ +cj thkxll =< CZ(xth]l +x]k-xll) l<i<j<n
k<1 k<[ k<l
We will prove this in the stronger form
Ci ijkle +c¢j inkxil <¢ Z(xikle +xxin), 1=<i<j=<n.
k<l k=l k<l
Wenow fix 1 <i < j < n and introduce x; := xji, x,/( := X j. Then the previous inequality
reads

E Xm E xpx) |+ E X, E xx | < E Xm E (XX + xpX7),
m k.l m k1 m k,l
k<l k<l k<l

that is,
D mxix] + xexix),) <Y (kX X] + X1XmXp).

k,l,m k,l,m
k<l k<l
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The right hand side equals

Z(xkxmxl’ + XX Xp) = Z XkXmX] = Z XkX1X), Z xZx + Z XKX[X),

k,l,m k,l.m k,l.m k,m k,l.m
k<l I#k m#k mk I#k
m#k
= Zxkx + Z xkxmxm + Z xkxlx
k,l,m
m#k m#k T#k
m#k,l
= Zxkx + Zxkxmx + Zxkxmx +2 Z xkxlx
k l m
m#k k<m m<k
m#k 1
= Z xkxm + Zxkxlxl + Z xkxlxk +2 Z xkxlx
k 1 m
m#k k<1 k<l m;ék,l
2.7 / /.
= Zxkxm + Z XkX[ Xy, + Z XkX[ X5
k,m k,l,m k,l,m
m#k k<l k<l
m#k,l

therefore it suffices to prove

Z XmXpX] < Zx,%x,’n + Z XkXX),

k,l.m k.m k,l.m
k<l m#k k<l
m#k,l

This is trivial if x;, = 0 for all m. Otherwise )_,, x,, > 0; hence ¢; > c; yields
-1

E Xm E X, > 1.
m m
Clearly, we are done if we can prove

22 mexkx[ < ka x/ + A Z xkxlx;n

k.l,m k,l,m
k<l m#k k<l
m#k,l

We introduce %, := Ax,,; then
2 Fn =D,
m m
and the last inequality reads

Z X XrX] < legfm + Z Xk X[ Xy

k,l,m k,m k.l,m
k<l m#k k<l
m#k,l

By adding equal sums to both sides this becomes

Z Xm XX + Z Xk X[ X < Z XiXm + Z XkX1Xm + Z XkX[ X s

k,l,m k,l,m k,l,m k,l,m
k<l k<l m#k k<l k<l
m#k,l

which can also be written as

E Xm E XXy | + E Xm E XkX]
m k,l m k,l
k<l k<l

125
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< Zxk <Z xm) + Zxkxl (Z Xm + me>
mk mk m#l

The right hand side equals

Zxk (g xm> + Zxk)q(Z T+ me>

m#k m#l

-y (gm) + (Zm> pRE (Zm>
-3 (zm) 2L (Z# m)

m,l

pefpe)-(Elip )

hence the previous inequality is the same as

(T (Z55) + (£5)(Bm) = (£) (£ 0e:)

The first factors are equal and positive; hence after renaming m, [ to k, [l whenm < [l andtol, k
when m > [ on the right hand side we are left with proving

Z()?kfz + xpx) < Z(kal + X X1).

e
This can be written in the elegant form

D G = x)E - x1) <0.

k,l

k<l

However,

2
0= <;<fk - xk)) = ;(fk —xp) (X — x1) = Xk:(ik —x1)?

+2 E (Xx — x1) (X — x1),
k,l
k<l

so that

- - 1 - )
X — xp) (X —x1) = —= X — X)) <0
;< = X0 — x) 2;( k= Xk)
k<l

as required.

We now verify, under the assumption min; ¢; > 0, that equation in the theorem holds if and
only if x;x = x i forall i, j, k or there exists some / such that x;; = 0 for all i and all k # [. The
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“if”” part is easy, so we focus on the “only if” part. Inspecting the above argument carefully, we
can see that equation can hold only if for any 1 < i < j < n the numbers x; = xjt, x; = xji
satisfy

A Z XX X] = Z XX X] = Zx,%x,’n + Z XkX[ X

k,,m k,l,m k,m k,l,m
k<l k<l m#k k<l
m#k,l

where A is as before. If x;x; = 0 for all k < I, then x,%x,’n = 0 for all k % m, i.e. xxx; = O for
all k # 1. Otherwise A = 1 and x; = X = x; for all k by the above argument. In other words,
equation in the theorem can hold only if for any i # j we have x;;x;; = 0 for all kK # [ or we
have x;; = xj for all k. If there exist j, [ such that x;; = 0 for all k¥ # [, then x;; > 0 and for
any i # j both alternatives imply x;; = O for all £k # [, hence we are done. Otherwise the first
alternative cannot hold for any i # j, so we are again done. [
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