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MacMahon on tournaments in 1923

AN AMERICAN TOURNAMENT TREATED BY
THE CALCULUS OF SYMMETRIC FUNCTIONS.

By Major P. A. MacMAHON.

Part 1.

1. IN a tournament of n players, where each player
plays every other player, there are 4n (n—1) games.

Since each game may be won or lost there are 28} events
and I propose to analyse them by means of the powerfal
calculus of symmetric functions. T'he final result of the play
is that the players are arranged in a definite order, each with
a certain number of games to his credit. These numbers
constitute a partition of the number in(n—1), and we may

ask how many of the 2¥*™™" events will yield a given partition
of in{n—1) when the players are or are not in an assigned
order.

2. Counsider the symmetric function

(al + a:) (al + a:) (at+ al) "'(a-l+ au)
of the n quantities a,, a,, a,, ..., a..

aﬂ
It involves Lu(n— 15 factors, and the terms, after carrying
out the multiplication, are grouped together in monomial

symmetric functious.



Score sequences of tournaments

tournament:= orientation of complete graph on [n] := {1, .., n}
score of a vertex:= its outdegree

score vector:= vector of scores

score sequence:= non-decreasing sequence of the scores

®© 6 6 o o

transitive tournament=a - b & b—->c=a —c

& its score sequence is (0,1,...,n—2,n-1)

@ strongtournament:=[n| = A[[|B,A—->B=A=00rB=10
© there exists a Hamiltonian circuit

o for any tournament there is unique [n] = [] A; such that

A1 - A — .- —> A, &restricted tournament on A; is strong,

e.g. Ay = V for strong, |Aj| = 1 for transitive tournaments

Theorem (Landau 1953)

(s1 <--- < sp) is the score sequence of a strong (tournament)
Lisi=(3)and Xk sz (5)fork <n




Semi-stable type (1, .., 1)-Higgs bundles

@ C complex smooth projective curve D € S%(C) eff. divisor
(E, ®) Higgs bundle , rank n vector bundle E and
¢ € H(End(E) ® K(D)) Higgs field
(semi)-stable:  proper ®-invariant F c E = %82 . deaf
o E=Li®..®dL,and 0 # ®(L)) c Lis1K(D) =
(E,®) = (E, 2®) type (1,..,1)-Higgs bundle

(semi)-stable & for ¢; := deg(Lj) and 1 < k < n
lttly _ Ottly

n-k+1 & n
@ when C = P! and |D| = 3 then deg(K(D)) = 1 and
deg(E) =¢1+---+ ¢, =0choosing sj=i—-1-1l~

{score sequences (s, ..., Sp) of strong (tournaments) on [n]} <
{degree sequences ({1,...,¢{n) of degree 0 rank n
(semi)-stable type (1, .., 1)-Higgs bundles}

@ e.g. transitive tourn. (0,1,...,n—1) & (0,...,0) trivial bundle
@ (deg(E),n) =1 ~» similar combinatorics by
(Villegas 2011, 2023, Reineke 2012, Rayan 2018)



Generating score sequences as Weyl character formula

@ MacMahon’s gf for
n(s):=#{tournaments of score sequence s}
[Ti<icjien(Xi + X)) = Xs—(s1<<s,) N(S) L =(8] s

{s'}= {s}
o A:=2"/(e1 + -+ + ep) weight lattice DW := S, Weyl group

R:= {+(e, e,) 1<i<jen = Ry [1 R- € A type Ap_4 root system
wj = Y)_, e € A fundamental weight
AT = G 1Nw, cA domlnant weights = A/W
pi= (Zaem @)/2 =T wie A
half-sum of positive roots
@ Weyl character formula for sl, — End(V*) of highest weight p

i YA _ ZweW det(w)xW(P+P) [acr, (xX*-x)
Z/leA dlm( V/l )X S wew det(W)XW HaeR (XO//2_X—01/2)

Haelﬁ (Xa/z + X_a/z) = H1gi<jsn(xl + Xj)
@ ~» { weights in V*} « {score vectors}
{ dominant weights in V*} < {score sequences}
{monomial basis inV*} & {A Cc R : |AN{a,—a}l=1Ya € R} &

s’

!
{tournaments on [n]}



Bottom Lagrangian

o M:=Mp) 5(E, );® € H(C; Endg(E) ® K), deg(E)=0
h: M — A=HO(KZ)x - x H(K])
(E,®) — det(x — )
@ &piv := (0", 0) trivial Higgs bundle, bottom Lagrangian:
B :={(0",®): ® € H'(C;Endg(0") ® Kc)} c M
singular Lagrangian subvariety
B = Endy(C") ® H°(Kc)//PGL,
@ g(C) =2, %K) =2 ~» 7 : C — P! hyperelliptic ~»
(0(1)) = Kg ~ B =M? moduli of semi-stable (E, ®)

Hitchin map

P.0(1)
deg(E) = 0, rank(E) = n, d € HO(P'; Endo(E)(1))
@ components of B N h™'(0)= nilpotent cone in MY, oty ©

components of stable type (1,..., 1) O(1)-Higgs bundles on P!
> score sequences of strong tournaments on [n]
< dominant weights in V*
@ Expectations:
@ geometry of hig should reflect SL, — GL(V*)
@ geometry of hg: g, should reflect G — GL(V*)

@ should be compatible with folding o : G — G



Root system tournaments

@ R c A = Z' finite root system in weight lattice, Weyl group W,
R4+ c R set of positive roots

@ IR, n{a,—-a)l=1Ya €R
@ o,pcR,anda+BeR=a+B€R,
@ R-tournament. T c Rs.t. [T N{a,—a}| =1Ya € R
@ example: positive roots Ry C R transitive R-tournament
@ notion used by (Calderbank—Hanlon, 1986) to give a
combinatorial proof for the Weyl denominator identity
Ha€R+ (Xa/z - X_a/z) = ZWEW det(W)XW(p)
in types B, C, D after (Gessel, 1979) in type A
@ Weyl character formula for gg — End(V*), p = (X4er. )/2

i O\l Swewdet(w)x?e)  Tlaer, (xX*=x7)
Z/IE/\ dlm(v/l)x T Swewdet(w)xwl) T HQER+(XQ/2—X_G/2) =

Hath (Xa/z + X_a/z)
@ {R-tournaments}< {monomial basis inV*}

@ R-score vector= weight in V*
R-score sequence:= dominant weight in V¥




Folding

@ R c ADW finite root system, weight lattice, Weyl group
@ Dynkin diagram automorphism ~ o : A - Ast. o(R) = R
o folding procedure ~» root system R7:=R/o c A? (except Azp)
o defining property: g5, = (a4)” C af
°
R o R 9% C O
P
A2n—1 o - Z:> Bn o0—=0 - o—a=>0 5Pop C SIZH
LD
Az o Cn o o—=== s0apyq C slaniq
o - o—o<i
Dn Cn1 o ° o= s0ppq C sh2p
)
Ds4 N Ga = g2 C s0g
o—o<i:1
E6 F4 o0——a=>o—o0 f4 C ¢eg



Tournament folding As,_1 ~» B,

@ o:[2n]:={1,...,2n} —> [2n] by o(i) =2n—i
@ orbits [2n]/o:= married couples
@ tournament on [2n] is marriage balanced:
a—b=o(b) - o(a)
@ score vector of m.b. tournament is (si,. .., S2n)
satisfies s; + s, =2n -1
@ score sequence of m.b. tournament: (s] <--- < s, <n-1)

{R? = B, — tournaments} <
{marriage balanced tournaments on [2n]} with generating function:
[T (vi + xi) T<icj<n(Viyj + XiX) (Xi¥) + XiYi)ly=1 = Zaen dim Vix*
{score vectors of m.b. tournaments} < {weights in V*}

{score sequences of m.b. tournaments}—{dominant weights in V*}

@ [2n]OW = S, %< (Z/2)" c Sz, preserving couples
@ games between spouses correspond to short roots of B,



Tournament folding D,, ~» C,,_1

@ o:[2n]:={1,....2n} > [2n] by o(i) =2n—i

@ marriage balanced couple(=:m.b.c.) tournament on [2n]
everyone plays everyone except their spouses and
a— b= o(b) > o(a)

@ [2n]OW =S, (Z/2)"" c Spp preserving couples flipping even

@ g.f. for score vectors of m.b.c. tournaments

D,-Weyl )
[Mi<icjen(Viyj + Xix)(Xiy; + Xyi)ly=1 — = aen dim Vix*

@ D, Dynkin auto: 7:=(n,n+ 1):[2n] — [2n], [2n]/T = [2n — 1]

@c:[2n-1] - [2n—-1]byo(i)=2n—-1-i
[2n —1]/0 has n — 1 couples and one singleton {n}

@ marriage balanced single(=:m.b.s.) tournament on [2n — 1]
everyone plays everyone except their spouses, single n plays
twice with everyone with same result, a —» b = o(b) — o(a)

@ g.f. for score vectors of m.b.s. tournaments

T2 (v2 + X2) TTi<icjen(Viy) + X)) (XY} + Xi¥i)lyi=1
Yaepdim Vj x*
@ compatible with tournament folding Azp—o ~» Cp_1

Ca1-Weyl



Skeletons of big algebras

@ pe NH(G)~ 84 := B4(g) c (S(s) ® End(V*))C big algebra
commutative, graded, cyclic, H&* = C[g]%-algebra
o : G — G Dynkin automorphism, u € A™(G,) ~»
folding: B(g), = B*(9-) (Hausel, Zveryk 2023)
@ base change for principal SL, — G
B‘S‘L2 = BH Dy Hg;iz principal big algebras

© Spec(B§ ) — Spec(H3; ) = A' big skeletons

@ weight of C*CA' = 2 = components of the skeletons
, Al - A Al —» A
either X > 2 parabolas or X X spikes

@ —1 e C* fixes base A' & spikes, swaps two sides of parabolas
= #spikes = tr(—1|V#) = D¥*(-1)

D*(q) = [gen+ (1(1 q(;(pa )) Dynkin polynomial / quantum dim.

@ principal basis : B* c P(V*) common eigenvectors of B«
—1CB* determines the big skeleton



Problems for Higgs bundle tournaments

@ u € NT(SL,) (Berenstein—Zelevinsky 1996) labeled Lusztig’s
dual canonical basis in V* with semi-standard Young tableaux
SST(A, < n) & identified Lusztig’s involution 1 as evacuation

@ (Stembridge, 1996) showed D#(—1) are the p-invariants
"q = —1 phenomenon”

@ (Sundquist, 1992) (Yutsis, 1980) sets up bijection
SST((1,...,n),u) « tournaments with score sequence u

@ Problem 0: Can we label principal basis of V¥ with
tournaments?

@ Problem 1: What does evacuation correspond on
tournaments?

@ Problem 2: What is the charge of an SST correspond to a
tournament? Tournament analogue of Kostka-Foulkes K (q)?

@ Problem 3: Can Sundquist—Yutsis be generalised for other
types B,C,D,G? Tournament analogue of Lusztig’s m,(q)?



