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Abstract. We count points over a finite field on wild character varieties of Riemann surfaces for
singularities with regular semisimple leading term. A new feature in our counting formulas is the
appearance of characters of Yokonuma-Hecke algebras. Our result leads to the conjecture that
the mixed Hodge polynomials of these character varieties agree with the previously conjectured
perverse Hodge polynomials of certain twisted parabolic Higgs moduli spaces, indicating the pos-
sibility of a P = W conjecture for a suitable wild Hitchin system.
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0.1. A conjecture

Let C be a complex smooth projective curve of genus g € Zx(, with divisor

D=pi+--+pctrp

where p1, ..., px, p € C are distinct points, p having multiplicity r € Z>o with k > 0
and k +r > 1. For n € Zx, let P, denote the set of partitions of n and set P := |, P.
Letp = (u', ..., u5 € P,]f denote a k-tuple of partitions of n, and we write || := n. We

denote by MS(’; the moduli space of stable parabolic Higgs bundles (E, ¢) with quasi-
parabolic structure of type ' at the pole p;, with generic parabolic weights and fixed
parabolic degree, and a twisted (meromorphic) Higgs field

¢ € H'(C; End(E) ® K¢ (D))

with nilpotent residues compatible with the quasi-parabolic structure at the poles p; (but
no restriction on the residue at p). Then Mg(’j is a smooth quasi-projective variety of

dimension dj, , with a proper Hitchin map

wro. n.r n,r
xT o Mp, — A
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defined by taking the characteristic polynomial of the Higgs field ¢ and thus taking values
in the Hitchin base

n
AR = @ H(C; Kc (D).
i=1
As x ™" is proper it induces as in [dCM] a perverse filtration P on the rational cohomol-
ogy H *(Mg;ﬁ) of the total space. We define the perverse Hodge polynomial as
PHMU . 1) =Y _ dim(Gr] H*(Mb)q't".

The recent paper [CDDP] by Chuang—Diaconescu—Donagi—Pantev gives a string-the-
oretical derivation of the following mathematical conjecture.

Conjecture 0.1.1. We expect
PH(Mgéﬁ q,1) = (qtz)"ﬂ-rHﬂ,r(ql/{ _q—l/zt—1)'

Here, H, ,(z, w) € Q(z, w) is defined by the generating function formula

(=)= Hy (2, w) 15 |
ﬂ;k (Z2 _ 1)(1 _ w2) il:!m,ui ('xl)

k

— Log(Z HE" (2 w) [ | B2 0 x,»)). (0.1.2)
reP i=1

The notation is explained as follows. For a partition A € P we denote

(_ZZa wZI)r(Z2a+1 _ w21+1)2g

M @ow) =] (0.1.3)

(Z2a+2 _ w2l)(z2a _ w2l+2) ’
where the product is over the boxes in the Young diagram of A and a and [ are the arm
length and the leg length of the given box. We denote by m; (x;) the monomial symmetric
functions in the infinitely many variables x; := (x;;, x;,, . .. ) attached to the puncture p;.
FIA(q, t; x;) denotes the twisted Macdonald polynomials of Garsia—Haiman [GH], which
is a symmetric function in the variables x; with coefficients from Q(g, ). Finally, Log is
the plethystic logarithm (see e.g. [HLV1, §2.3.3] for a definition).

The paper [CDDP] gives several pieces of evidence for Conjecture 0.1.1. On physical
grounds it argues that the left hand side should be the generating function for certain re-
fined BPS invariants of some associated Calabi—Yau 3-orbifold Y, which the authors then
relate by a refined Gopakumar—Vafa conjecture to the generating function of the refined
Pandharipande-Thomas invariants of Y. In turn they can compute the latter in some cases
using the recent approach of Nekrasov—Okounkov [NO], finding agreement with Con-
jecture 0.1.1. Another approach is to use another duality conjecture—the so-called “ge-
ometric engineering”—which conjecturally relates the left hand side of Conjecture 0.1.1
to generating functions for equivariant indices of some bundles on certain nested Hilbert
schemes of points on the affine plane C2. They compute this using work of Haiman [Hai]
and find agreement with the right hand side of Conjecture 0.1.1.
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Purely mathematical evidence for Conjecture 0.1.1 comes through a parabolic version
of the P = W conjecture of [dCHM], in the case when r = 0. In this case, by non-
abelian Hodge theory we expect the parabolic Higgs moduli space /\/lg01 = ./\/lg;)(l) to
be diffeomorphic to a certain character variety M%, which we will define more carefully
below. The cohomology of M§ carries a weight filtration, and we denote by

WH(Mb: q.1) =Y dim(Gr}, H*(M§))q't*
ik

the mixed Hodge polynomial of Mg . The P = W conjecture predicts that the per-
verse filtration P on H* (Mgol) is identified with the weight filtration W on H* (Mg )
via non-abelian Hodge theory. In particular, P = W would imply PH (Mgol; q,t)
= WH(M"’; q,t), and Conjecture 0.1.1 for r = O; PH(Mgol; q,t) replaced with
WH (Mg ; ¢, 1) was the main conjecture in [HLV1].

It is interesting to recall what inspired Conjecture 0.1.1 for r > 0. Already in [HV,
Section 5], detailed knowledge of the cohomology ring H *(Mlgzg]’r) from [HT] was

needed for the computation of WH (./\/l](32); q,t). In fact, it was observed in [{CHM] that
the computation in [HV, Remark 2.5.3] amounted to a formula for PH (M gol; q,t), which
is the first non-trivial instance of Conjecture 0.1.1. This twist by » was first extended for
the conjectured PH (/\/lgo)]’r) in [Mo] to match the recursion relation in [CDP]; it was
then generalized in [CDDP] to Conjecture 0.1.1. We notice that the twisting by r only
slightly changes the definition of H8""(z, w) above and the rest of the right hand side of
Conjecture 0.1.1 does not depend on .

It was also speculated in [HV, Remark 2.5.3] that there is a character variety whose
mixed Hodge polynomial would agree with the one conjectured for PH (Mﬁ;;; q,t)
above.

Problem 0.1.4. Is there a character variety whose mixed Hodge polynomial agrees with
PH(Mpi5q,1)?

A natural idea to answer this question is to look at the symplectic leaves of the natural
Poisson structure on Mg(’j. The symplectic leaves should correspond to moduli spaces
of irregular or wild Higgs moduli spaces. By the wild non-abelian Hodge theorem [BB]
those will be diffeomorphic to wild character varieties.

0.2. Main result

In this paper we will study a class of wild character varieties which will conjecturally
provide a partial answer to the problem above. Namely, we will look at wild character
varieties allowing irregular singularities with polar part having a diagonal regular leading
term. Boalch [B3] gives the following construction.

Let G := GL,(C) and let T < G be the maximal torus of diagonal matrices. Let
B < G (resp. B_ < G) be the Borel subgroup of upper (resp. lower) triangular matrices.
Let U= Uy < B4 (resp. U_ < B_) be the respective unipotent radicals, i.e., the group
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of upper (resp. lower) triangular matrices with 1s on the main diagonal. We fix m € Zx¢
and

r:=(r,...,rm) € ZZ,.

For u € 7?,’1‘ we also fix a k-tuple (Cy, ..., Cx) of semisimple conjugacy classes such that
the class C; C G is of the type

ph= (k) € P
in other words, C; has eigenvalues with multiplicities u; Finally, we fix

1, ..o ) € (TH),

an m-tuple of regular diagonal matrices, such that the k + m-tuple

€1, .... G, Gy, ..., GEp)

of semisimple conjugacy classes is generic in the sense of Definition 1.2.9. Then define

MET = ((A;, B)_, € (GXG)8, X; €Cj,Cj €G, (S_,, SI)L, € (U- x Ui |

(A1, B1) -+ (Ag. B)Xy -+ Xk CT 6183, -+ S{Cr - Cp Sy -+ ST'Cin = 1} //G,

where the affine quotient is by the conjugation action of G on the matrices A;, B;, X;, C;

and the trivial action on Sl./ . Under the genericity condition as above, M& T is a smooth
affine variety of dimension dj, » given by (1.2.14). In particular, when m = 0, we have

the character varieties MY = ./\/lg P of [HLV1, Conjecture 0.2.1].
The main result of this paper is the following:

Theorem 0.2.1. Let p € P,]f be a k-tuple of partitions of n and r be an m-tuple of positive
integers, and let Mg T be the generic wild character variety as defined above. Then

WHMg":q.—1) = ¢ Hz, (¢'%. 47"/,
where
=tk an, L aM) e P

is the type of
C1,...,Ck,GE1,...,Gé&p)
and

re=ri+---+rm.
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The proof of this result follows the route introduced in [HV, HLV1, HLV2]. Using
a theorem of Katz [HV, Appendix], it reduces the problem of the computation of
WH(MET, q, —1) to counting Mg’r(IFq), i.e., the IF,-points of Mg’r. We count them
by using a non-abelian Fourier transform. The novelty here is the determination of the
contribution of the wild singularities to the character sum.

The latter problem is solved via the character theory of the Yokonuma—Hecke algebra,
which is the convolution algebra on

CIUTFE)\GLA (Fg)/U(Fg)],

where U is as above. The main computational result, Theorem 3.3.4, is an analogue of a
theorem of Springer (cf. [GP, Theorem 9.2.2]) which gives an explicit value for the trace
of a certain central element of the Hecke algebra in a given representation.

This theorem, in turn, rests on a somewhat technical result relating the classification
of the irreducible characters of the group N = (IFqX)" x G, to that of certain irreducible
characters of GL, (F,). To explain it briefly, if Q,, denotes the set of maps from I'; = @;
(the character group of ") to the set of partitions of total size n (see Section 2.7 for defi-
nitions and details), then Q,, parametrizes both Irr N and a certain subset of Irr GL,, (F,).
Furthermore, both of these sets are in bijection with the irreducible characters of the
Yokonuma—Hecke algebra. Theorem 2.9.5 clarifies this relationship, establishing an ana-
logue of a result proved by Halverson and Ram [HR, Theorem 4.9(b)], though by different
techniques.

Our main result Theorem 0.2.1 then leads to the following conjecture.

Conjecture 0.2.2. We have
WHME™: g, 1) = (@) Hy , ("2, —¢~ 217",

This gives a conjectural partial answer to our Problem 0.1.4 originally raised in [HV,
Remark 2.5.3]. Namely, in the cases when at least one of the partitions [,Li is (1), we
can conjecturally find a character variety whose mixed Hodge polynomial agrees with the
mixed Hodge polynomial of a twisted parabolic Higgs moduli space. This class does not
yet include the example studied in [HV, Remark 2.5.3], where there is a single trivial par-
tition p = ((n)). We expect that those cases could be covered by using more complicated,
possibly twisted, wild character varieties.

Finally, we note that a recent conjecture [STZ, Conjecture 1.12] predicts that in the
case when g = 0,k = 0,m = land r = r; € Z~g, the mixed Hodge polynomial of
our (and more general) wild character varieties, are intimately related to refined invariants
of links arising from Stokes data. Our formulas in this case should be related to refined
invariants of the (n, rn) torus links. We hope that the natural emergence of Hecke algebras
in the arithmetic of wild character varieties will shed new light on Jones’s approach [Jo]
to the HOMFLY polynomials via Markov traces on the usual Iwahori—-Hecke algebra and
the analogous Markov traces on the Yokonuma—Hecke algebra (cf. [J1, CL, JP]).

The structure of the paper is as follows. Section 1 reviews mixed Hodge structures on
the cohomology of algebraic varieties, the theorem of Katz mentioned above, and gives
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the precise definition of a wild character variety from [B3]. In Section 2 we recall the
abstract approach to Hecke algebras; the explicit character theory of the Iwahori—Hecke
and Yokonuma-Hecke algebras is also reviewed and clarified. In Section 3 we recall
the arithmetic Fourier transform approach of [HLV 1] and perform the count on the wild
character varieties. In Section 4 we prove our main Theorem 0.2.1 and discuss our main
Conjecture 0.2.2. In Section 5 we compute some specific examples of Theorem 0.2.1 and
Conjecture 0.2.2, when n = 2, with particular attention paid to the cases when ./\/lg Tisa
surface.

1. Generalities

1.1. Mixed Hodge polynomials and counting points

To motivate the problem of counting points on an algebraic variety, we remind the reader
of some facts concerning mixed Hodge polynomials and varieties with polynomial count,
more details of which can be found in [HV, §2.1]. Let X be a complex algebraic variety.
The general theory of [D1, D2] provides a mixed Hodge structure on the compactly sup-
ported cohomology of X: that is, there is an increasing weight filtration W, on H/ (X, Q)
and a decreasing Hodge filtration F* on H/ (X, C). The mixed Hodge numbers of X are
defined as

hP4J (X) := dim¢ Grh. Gr)),

the mixed Hodge polynomial of X by
H(X;x,y,1) = Z WP %I (X)xPyat]
and, when X is smooth, the E-polynomial of X by
E(X;x,y) = )X HX; 1/x, 1)y, =1).
We could also define the mixed weight polynomial
WH(X: q,1) = Zdim(c Gr)Y H/(X,C)¢"*t/ = H(X;¢'*,¢",1)
which, for a smooth X, specializes to the weight polynomial
E(q) :=qY™XWH(X: 1/q, —1) = E(X; ¢"?, ¢'/?).
One observes that the Poincaré polynomial P (X; ¢) is given by
P(X;t)=H(X;1,1,1).

Suppose that there exists a separated scheme X over a finitely generated Z-algebra R,
such that for some embedding R < C we have

X xpC=EX,
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in that case we say that X" is a spreading out of X. If, further, there exists a polynomial
Py (w) € Z[w] such that for any homomorphism R — F, (where I, is the finite field
of ¢ elements), one has

X F| = Px(q),

then we say that X has polynomial count and Py is the counting polynomial of X. The
motivating result is then the following.

Theorem 1.1.1 (N. Katz, [HV, Theorem 6.1.2]). Suppose that the complex algebraic
variety X is of polynomial count with counting polynomial Px. Then

E(X;x,y) = Px(xy).

Remark 1.1.2. Thus, in the polynomial count case we find that the count polynomial
Px(q) = E(X; q) agrees with the weight polynomial. We also expect our varieties to
be Hodge-Tate, i.e., hp’q;j(X) = O unless p = ¢, in which case H(X; x,y,t) =
WH(X; xy,t). Thus, in these cases we are not losing information by considering
WH(X; xy, t) (resp. E(X; q)) instead of the usual H(X; x, y, t) (resp. E(X; x, y)).

1.2. Wild character varieties

The wild character varieties we study in this paper were first mentioned in [B2, §3, Re-
mark 5], as a then new example in quasi-Hamiltonian geometry—a “multiplicative” vari-
ant of the theory of Hamiltonian group actions on symplectic manifolds—with a more
thorough (and more general) construction given in [B3, §8]. We give a direct definition
here for which knowledge of quasi-Hamiltonian geometry is not required; however, as we
appeal to results of [B3, §9] on smoothness and the dimension of the varieties in question,
we use some of the notation of [B3, §9] to justify the applicability of those results.

1.2.1. Definition. We now set some notation which will be used throughout. Let G :=
GL,, (C) and fix the maximal torus T < G consisting of diagonal matrices; let g := gl,, (C)
and t := Lie(T) be the corresponding Lie algebras. Let B, < G (resp., B_ < G) be the
Borel subgroup of upper (resp., lower) triangular matrices. Let U = Uy < B4 (resp.,
U_ < B_) be the unipotent radical, i.e., the group of upper (resp., lower) triangular
matrices with 1s on the main diagonal; note that each of these subgroups is normalized
by T.

Definition 1.2.1. Forr € Z-(, we set
A =G x (U xU_) xT.
An element of A" will typically be written (C, S, ¢) with

S=(S1,....8) e Uy xU_),
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where S; € Uy ifi isodd and S; € U_ if i is even. The group T acts on (U4 x U_)" by
x-8S= (xSlx_l, .. .,szrx_l);

the latter tuple will often be written simply as xSx~!.
We fix g, k, m € Z>o with k +m > 1. Fix also a k-tuple

C:=(C,...,C)

of semisimple conjugacy classes C; € G; the multiset of multiplicities of the eigenvalues
of each C; determines a partition u/ € P,. Hence we obtain a k-tuple

wo= (', ..., 1b) e Pk
which we call the type of C. Fix also
r:=(r,...,rm) € ZZ,,.
We will write r := Y " ro. Now consider the product
RECT = (Gx G)¥ x Cp X -+ X Cp x A1 x -0 x A,
The affine variety R$C-T admits an action of G x T™ given by

(ys X1y ooy xm) ° (Ais Biv X]v CO[! Sa’ t()l)
=AY L yBiy Ly Xy 2 Coy T X Sexg L te)  (1.2.2)
where ]l <i<g, 1 <j<kandl <a <m.

Now, fixing an element § = (&q,...,&,) € T", we define a closed subvariety of
R8:Cor by

usCrd = LAy, B, X, Co, $%, 1) € RECT

8 k m
[Tca B[ % [ Ca'ess, - SiCa=In ta =ba. 1 < < m} (1.2.3)
i=1 j=1  a=I

where the product means we write the elements in the order of their indices:

d
[Tvi=vya
i=l1

It is easy to see that U/ ‘€1 is invariant under the action of G x T". Finally, we define the
(generic) genus g wild character variety with parameters C, r, & as the affine geometric
invariant theory quotient

MEETE = y8:CrE /(G x T™) = Spec ClUsCmE10%T", (1.2.4)

Since g will generally be fixed and understood, we will typically omit it from the notation.
Furthermore, since the invariants we compute depend only on the tuples g and r, rather
than the actual conjugacy classes C and &, we will usually abbreviate our notation to
ME" and UM
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Remark 1.2.5. The space A" defined at the beginning of Definition 1.2.1 is a “higher fis-
sion space” in the terminology of [B3, §3]. These are spaces of local monodromy data for
a connection with a higher order pole. To specify a de Rham space—these are constructed
in [BB], along with their Dolbeault counterparts—at each higher order pole, one speci-
fies a “formal type” which is the polar part of an irregular connection which will have
diagonal entries under some trivialization; this serves as a “model” connection. The de
Rham moduli space then parametrizes holomorphic isomorphism classes of connections
which are all formally isomorphic to the specified formal type. Locally these holomor-
phic isomorphism classes are distinguished by their Stokes data, which live in the factor
(U4 xU_)" appearing in .A”. The factor of T appearing is the “formal monodromy” which
differs from the actual monodromy by the product of the Stokes matrices, as appearing
in the last set of factors in the expression (1.2.3). The interested reader is referred to [B1,
§2] for details about Stokes data.

Remark 1.2.6. As mentioned above, these wild character varieties were constructed in
[B3, §8] as quasi-Hamiltonian quotients. In quasi-Hamiltonian geometry, one speaks of
a space with a group action and a moment map into the group. In this case, we had an
action on R™" given in (1.2.2) and the corresponding moment map & : R** — G x T"
would be

8 m
(Ai, Bi, Xj, Cq. Su. to)) (]‘[[Ai,Bi]HXj []Ci wss, - St Caty ", ...,r,,;l).
i=1

i= j=1 a=1

Then one sees that U/** = &~ ((I,, ")) and so ME" = &1 ((1,, 7)) /(G x T™) is
a quasi-Hamiltonian quotient.

Remark 1.2.7. By taking determinants in (1.2.3) we observe that a necessary condition
for U/*¥, and hence Mg T to be non-empty is that

k m
[[detc; - [ ] detéy = 1: (1.2.8)
j=1 a=1
notethatdetS;‘,‘ =lforl<a<mand1l < p <2r,.

1.2.2. Smoothness and dimension computation. We recall [HLV 1, Definition 2.1.1].

Definition 1.2.9. The k-tuple C = (Cy,...,Ck) is generic if the following holds. If
V C C" is a subspace stable by some X; € C; for each i such that

k
[ [detxilv) =1 (1.2.10)
i=1

then either V = 0 or V = C”". When additionally &§ = (&1, ..., &,) € T™, we say that

Cx&E=(C1,....CL, &1, ..., &)
is generic if (Cy, ..., Ck, G&1, ..., G&,) is, where G¢; is the conjugacy class of &; in G.
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Remark 1.2.11. It is straightforward to see that the genericity of (Cy,...,Cy) for a
k-tuple of semisimple conjugacy classes can be formulated in terms of the spectra of
the matrices in C; as follows. Let

A ={a], ..., a,}

be the multiset of eigenvalues of a matrix in C; for i = 1...k. Then (Cy,...,Cy) is
generic if and only if the following non-equalities (1.2.12) hold. Write

[A] :=1_[a

aeA

for any multiset A C A;. The non-equalities are
[A]---[AL] # 1 (1.2.12)
for A} C A; of the same cardinality n’ with 0 < n" < n.

Theorem 1.2.13. For a generic choice of C x & (in the sense of Definition 1.2.9), the wild
character variety M'g’r is smooth. Furthermore, the G x T™ action on UMT is scheme-
theoretically free. Finally,

dim MET = 2g +k —2)n* — [|pll> + n(n — D)(m + 1) +2 =1 dy r, (1.2.14)
wherer := Y

a—] Ta and

k4
ll? = up? forwd = (uf. ... ul).
n ;; p for p 1 Y
The first statement is a special case of [B3, Corollary 9.9], the second follows from the
observations following [B3, Lemma 9.10], and the dimension formula comes from [B3,
§9, (41)]. To see that our wild character varieties are indeed special cases of those con-
structed there, one needs to see that the “double” D = G x G (see [B3, Example 2.3])
is a special case of a higher fission variety, as noted in [B3, §3, Example (1)], and that
D/-1G = C for a conjugacy class C C G. Then one may form the space

Sekr . p®acg ®G D®ck ®G A" @G -+ ®g A™ |G

in the notation of [B3, §§2,3] and see that Mg Tisa quasi-Hamiltonian quotient of the
above space by the group GX x T™ at the conjugacy class (C x &), and is hence a wild
character variety as defined in [B3, p. 342].

To see that the genericity condition given in [B3, §9, (38), (39)] specializes to ours
(Definition 1.2.9), we observe that for G = GL,,(C) the Levi subgroup L of a maximal
standard parabolic subgroup P corresponds to a subgroup of matrices consisting of two
diagonal blocks, and as indicated earlier in the proof of [B3, Corollary 9.7], the map
denoted pr; takes the determinant of each factor. In particular, it takes the determinant of
the relevant matrices restricted to the subspace preserved by P. But this is the condition
in Definition 1.2.9.

Finally, using [B3, §9, (41)] and the fact that dim U, = dimU_ = (), it is straight-
forward to compute the dimension as (1.2.14).
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2. Hecke algebras

In the following, we describe the theory of Hecke algebras that we will need for our main
results. Let us first explain some notation that will be used. Typically, the object under
discussion will be a C-algebra A which is finite-dimensional over C. We will denote its
set of (isomorphism classes of) representations by Rep A and the subset of irreducible
representations by Irr A; since it will often be inconsequential, we will often also freely
confuse an irreducible representation with its character. Of course, if A = C[G] is the
group algebra of a group G, then we often shorten Irr C[G] to Irr G. We will also some-
times need to consider “deformations” or “generalizations” of these algebras. If H is an
algebra that is free of finite rank over C[u*!] then its extension C(u) ®cpu+1) H to the
quotient field C(u) of C[u*'] will be denoted by H(u). Note that this abbreviates the
notation C(x)H in [CPA] and [GP, §7.3]. Now, if z € C* and 0, : Clut'] — C is the
C-algebra homomorphism which maps u +> z, then we may consider the “specialization”
C ®¢, Hof Hto u = z, which we will denote by H(z).

2.1. Definitions and conventions

Let G be a finite group and H < G a subgroup. Given a subset S C G, we will denote its
indicator function by Iy : G — Zs>, that is,

1, xefs
]I x — 9 b
s() {O, otherwise.

Let M be the vector space of functions f : G — C such that

f(hg) = f(8)

forallh € H and g € G. Clearly, M can be identified with the space of complex-valued
functions on H\G and so has dimension [G : H]. We may choose a set V of right H-coset
representatives, so that

G=1]]Hv 2.1.1)
veV
Such a choice gives a basis
{fo :=Tnvlvev (2.1.2)

of M. Furthermore, we have a G-action on M via
(g Hx) = f(xg). (2.1.3)

With this action, M is identified with the induced representation Indg 1y of the trivial
representation 15 on H.
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The Hecke algebra associated to G and H, which we denote by 7 (G, H), is the
vector space of functions ¢ : G — C such that

p(hi1gh2) = ¢(g)
for hy, hy, € H and g € G. It has the following convolution product:

1 1
(01 x 92)(8) = — Z ¢1(ga " Hea(a) = =

bYpr (b~ 'g). 2.1.4
] 2 Y o1b)eab'e) (2.1.4)

beG

Furthermore, there is an action of (G, H) on M, where, for ¢ € 57(G, H), f € M,
and g € G, one has
1

@)@ = > e[ "g). (2.15)
1H| =5

One easily checks that this is well defined (by which we mean that ¢. f € M).

It is clear that 77 (G, H) may be identified with C-valued functions on H\G/H, and
hence it has a basis indexed by the double H-cosets in G. Let W C G be a set of double
coset representatives which contains e (the identity element of G), so that

G=]] HwH. (2.1.6)
weWw

Then for w € W, we will set
Ty =1uwH;
these form a basis of J7°(G, H).

Proposition 2.1.7 ([I, Proposition 1.4]). Under the convolution product (2.1.4),
(G, H) is an associative algebra with identity T, = Ig. The action (2.1.5) yields a
unital embedding of algebras 7¢(G, H) — Endc M whose image is Endg M. Thus we
may identify

(G, H) = Endg Ind$, 1.

Remark 2.1.8 (Relation to the group algebra). The group algebra C[G] may be realized
as the space of functions o : G — C with the multiplication

xG : C[G]1®c CIG] — CIGl, (01 %6 02)(x) = Y o1(@)or(a ' x).

aeG

It is clear that we have an embedding of vector spaces
t: (G, H) — C[G]
and it is easy to see that if g1, ¢y € (G, H) then

t(er) *G L(@2) = |H|(¢1 * ¢2), (2.1.9)
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where the convolution product on the right hand side is in Z(G, H). Furthermore, the
inclusion takes the identity element T, € J#(G, H) to Iy, which is not the identity
element in C[G]. Thus, while the relationship between multiplication in # (G, H) and
that in C[G] will be important for us, we should be careful to note that ¢ is not an algebra
homomorphism. When we deal with indicator functions for double H-cosets, we will
write T, v € W, when we consider it as an element of JZ (G, H), and g,y when we
think of it as an element of C[G]. We will also be careful to indicate the subscript in *g
when we mean multiplication in the group algebra (as opposed to the Hecke algebra).

We will need some refinements regarding Hecke algebras taken with respect to different
subgroups.

2.1.1. Quotients. Let G be a group, H < G a subgroup, and suppose that H = K x L
for some subgroups K, L < H. Our goal is to show that there is a natural surjection
(G, K) - (G, H). We note that since K < H, there is an obvious inclusion of vec-
tor spaces (G, H) C (G, K), when thought of as bi-invariant G-valued functions.
We will write g and xp for the convolution product in the respective Hecke algebras.
From (2.1.9), we easily see that for ¢y, ¢y € J7(G, H),

@1 ¥k @2 = |LI(¢1 *H ©2). (2.1.10)

Let W = WX C G be a set of double K -coset representatives such that L € W; note
that KK = (K = Kl forl € L.If £ € L and w € W, then it follows from [I, Lemma
1.2] that Ty g Ty, = Tpy. From this it is easy to see that

B 3T

leL

is an idempotent in (G, K). In fact, E = |L|"'Iy = |L|™! 176, H)» thought of as
bi-invariant functions on G.

Lemma 2.1.11. If WK C Ng(L) then E is central in # (G, K).
Proof. 1t is enough to show that E xg T, = Ty, *g E for any w € W. One has

1 1 1
Z € *K w—m;lezﬁ;Tw(w*wuﬂ:szwm

|L||K| Z =
=Ty *xx E. O

xg Ty

Proposition 2.1.12. [f E is central in 7€ (G, K) then there exists a surjective algebra
homomorphism 7€ (G, K) — (G, H) which takes 1 3G k) t0 1 3G, 1), given by

o — |L|(E xg o).
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Proof. Tt is easy to check that this map is well defined, i.e., if « is K-bi-invariant, then
|L|(E xk o) is H-bi-invariant. To check that the map preserves the convolution product,
one uses the fact that E is a central idempotent and (2.1.10) to see that

ILI(E *k (a*k B)) = |L|((E *k ) %k (E *x B)) = |L|(E %k &) *p |L|(E *g B).

By the remark preceding Lemma 2.1.11, this map preserves the identity. Finally, it is
surjective, because given ¢ € (G, H), as mentioned above we may think of it as an
element of #(G, K) and we find |L|"'¢ — . O

2.1.2. Inclusions. Suppose now that G is a group L, H < G are subgroups and let K :=
HNL.Assume H = K x U for some subgroup U < G and L < Ng(U). We write *g
and xg for the convolution products in J# (L, K) and 57 (G, H), respectively.

Lemma 2.1.13. Suppose x, y € L are such thatx € HyH. Then x € KyK.

Proof. We write x = hjyh, for some hi,hy € H. Since H = K x U, we may write
h1 = kuforsomek € Kandu € U. Thenx = ky(y’luy)hz,but sincey € L < Ng(U),
we have v := y~luy € U < H and so vhy € H. But also vhy = (ky)"'x € L, so
vhy € K = HN L, and hence x = ky(vhy) € KyK. O

Proposition 2.1.14. One has an inclusion of Hecke algebras 7€ (L, K) — (G, H),
taking 1,71 k) to LG, H), given by ¢ — o, where

o (g) = Zw(x)llH(x 2).
K| &

Proof. 1t is clear that this is a map of vector spaces. To show that it preserves multiplica-

tion, let 1, 2 € (L, K). Then

@ *m o)) = — D p1@e2(a"g)

|H|a€G
e 2 OO Ae @I a )
T HIIKP A,
aeG
——— Y e Me@IpGa )
|U||K| x,yeL
aceyH
1 1 71
—— = Y oM Ta xRy )
|U||K| 52
heH
1
= o1 (MNe2 (L ™k y ).
UIIKP )ZL

keK,ueU
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After the substitution x = k—!z, this becomes

(@1 *1 93)() = > oMok )Ip Ty )

3
UIKP 4

keK,ueU
T 2 AWe@In(E w9y )
T || ? 4

uelU
K2 Y e Me@aG "y )
| | v,z€L

and with z = y_lx,

> oMy DIa ()

x,yeL

Z«m xk 9 () (x ') = (91 %k )" (2).

xelL

(@l *u 3 (g) = |K|2

T K|

It is easy to see that ]1312"(14,1() = Hg = Iy = 1, H), s0 we do indeed get a map of
algebras.

To see that it is injective, let V € L be a set of double K-coset representatives, so that
{TX%(L‘K)}XGV is a basis of 7 (L, K). Lemma 2.1.13 says that if W is a set of double H-

coset representatives in G, then we may take V. C W. We write {Tlff (G’H)}wew for the
corresponding basis of .7 (G, H), with the superscripts denoting which Hecke algebra
the element lies in. Then we observe that

(T EFN () = Z T O M) =

= Z Iy (y~'x) > 0.
K| IyeL

|K| yeKxK

(G, H) J(L, K))H

This says that the Tk is non-zero, but as V. C W, the
set {T‘%o(G H)}xev is linearly independent, and hence so is the image {(T%(L K))H bxev
of the basis of 77 (L, K). m]

-component of (7%

2.2. Iwahori—-Hecke algebras of type A, —1

Let G be the algebraic group GL,, defined over the finite field F;. Let T < G be the maxi-
mal split torus of diagonal matrices. There will be a corresponding root system with Weyl
group G,,, the symmetric group on n letters, which we will identify with the group of
permutation matrices. Let B < G be the Borel subgroup of upper triangular matrices. Let
the finite-dimensional algebra .7 (G, B) be as defined above. The Bruhat decomposition
for G, with respect to B, allows us to think of G,, as a set of double B-coset represen-
tatives, and hence {T,}yce, gives a basis of J# (G, B). Furthermore, the choice of B
determines a set of simple reflections {si, ..., s,—1} € &,; we will write T; := Tj;. The
main result of [I, Theorem 3.2] gives the following characterization of JZ°(G, B) in terms
of generators and relations:
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(a) If w = s;, - -+, is a reduced expression for w € &,, then T\, = T;, - - - T;, . Hence
J (G, B) is generated as an algebra by T1, ..., Ty.
(b) For 1 <i <€, T2 =qT; + (g — D1.

2.2.1. A generic deformation. If u is an indeterminate over C, we may consider the
C[u*!]-algebra H, generated by elements T1, ..., T, subject to the relations

(@ T;T; =T;T;foralli,j =1,...,n— 1suchthat [i — j| > I;
b T, TiyTi=TT;Tiyg foralli =1,...,n —2;
© T?P=u-14+@—-DT;

H,, is called the generic Iwahori—-Hecke algebra of type A,_| with parameter u. Setting
u = 1, we see that the generators satisfy the relations of the generating transpositions
for &,,, and [I, Theorem 3.2] shows that for u = g these relations give the Iwahori—-Hecke
algebra above, so (cf. [CR, (68.11) Proposition])

H,(1) = C[&,], H.(g) = (G,B). (2.2.1)

2.3. Yokonuma—Hecke algebras

Let T < B < Gbe as in the previous example, and let U < B be the unipotent radical of B,
namely, the group of upper triangular unipotent matrices. Then the algebra .7 (G, U),
first studied in [Y1], is called the Yokonuma—Hecke algebra associated to G, B, T. Let
N (T) be the normalizer of T in G; N(T) is the group of monomial matrices (i.e., those
matrices for which each row and each column has exactly one non-zero entry) and one has
N(T) =T x &,, where the Weyl group G,, acts by permuting the entries of a diagonal
matrix. We will often write N for N(T). By the Bruhat decomposition, one may take
N < G as a set of double U-coset representatives. Section 2.1 describes how 57 (G, U)
has a basis {T, : v € N(T)}.

2.3.1. A generic deformation. The algebra .7 (G, U) has a presentation in terms of gen-
erators and relations due to [Y1, Y2], which we now describe and which we will make
use of later on. For this consider the C[u*! ]-algebra Y, , generated by the elements

Ti,i=1,...,n—1, and hj,j=1,...,n,

subject to the following relations:

(@ T;T; =T;T; foralli, j =1,...,n — 1 suchthat |i — j| > 1;

®) T, TiyTi=TiTiTiyg foralli =1,...,n —2;

(¢) hihj =hjh; foralli, j =1,...,n;

(d h;T; = Tihgy foralli =1,...,n—1land j =1,...,n, wheres; :== (i,i + 1)
€ Gy

(e) Y =1foralli=1,...,n;
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() T? = ufifiy1 + w — e T fori = 1,...,n — 1, where

1 .. ‘
a:=;;§:h{mgl fori=1,....,n—1, 2.3.1)
=1
dj2
| oo | fordeven, (2.3.2)
1 for d odd,

In Theorem 2.4.3 below, we will see that 7’ (G, U) arises as the specialization Y, ,(q).

Remark 2.3.3. The modern definition of Y, , in terms of generators and relations takes
fi = 1, regardless of the parity of d (cf. [CPA] and [J2]). We decided to take that of [Y1]
so that the meaning of the generators is more transparent. Again, this will be clearer from
Theorem 2.4.3 and its proof.

2.4. Some computations in 7 (G, U) and Y 4., (u)

We continue with the context of the previous subsection. There is a canonical surjection
p : N — &, which allows us to define the length of an element v € N to be that of p(v);
we will denote this length by £(v).

Lemma 2.4.1. Ifvy, v2 € Nare suchthat £(viv2) = £(v1)+L(v2), then Ty Ty, = Ty, y,.
In particular, if h € Tand v € N then Ty, x Ty, = Tpy.

Proof. This follows readily from [I, Lemma 1.2] and the fact that, in the notation there,
ind(v) = ¢*™ forv e N. O

Our first task is to describe the relationship of Y4, to J2(G, U), as alluded to at the
beginning of Section 2.3.1. To do this, we follow the approach in [GP, (7.4), (8.1.6)]. For
example, the u = 1 specialization of Y, 1, gives

Yq—l,n(l) =C ®91 Yq—l,n = (C[N] = (C[(F;()n X Gyl, (242)
the group algebra of the normalizer in G of the torus T (IF,).

Theorem 2.4.3. Let g be a prime power and fix a multiplicative generator t, € IF;. For
te F;, let hi(t) € T be the diagonal matrix obtained by replacing the ith diagonal entry
of the identity matrix by t. Finally, let s; € N denote the permutation matrix corresponding
to (i,i + 1) and

; = s5;hi(=1) = hjy1(=1)s; € N.
Then one has an isomorphism Y y_1 ,(q) = (G, U) of C-algebras under which

Ti > To € #(G,U) and h; > Ty, € (G, ).
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Note that w; is the matrix obtained by replacing the 2 x 2 submatrix of the identity matrix
formed by the ith and (i + 1)st rows and columns by

o)

Proof of Theorem 2.4.3. It is sufficient to show that Ty, Th;,) satisfy the relations pre-
scribed for T;, h; in Section 2.3.1. Lemma 2.4.1 makes most of these straightforward.
The computation in [Y 1, Théoreme 2.4°] gives

2
T, = qThi(~Dhipr(-1) + Z Ty =) T
teFy

which is (f) . ]
The longest element wg € W = &, is the permutation ]_[lti/l2J (i,n + 1 —1i) (the order
of the factors is immaterial since this is a product of disjoint transpositions) and is of
length (;) We may choose a reduced expression

wo = Si; + - Si('}) . (244)
With the same indices as in (2.4.4), we define
W) = Wiy - 'a)l'(,z,) eN and To:=T; - 'Ti(g> €Yqn- 24.5)

Using the braid relations (a) and (b) and arguing as for Matsumoto’s Theorem [GP, The-
orem 1.2.2], one sees that Ty is independent of the choice of reduced expression (2.4.4).
Now, Lemma 2.4.1 shows that

Ty = Ty, ...Twi(g) e (G, U)

and Theorem 2.4.3 shows that this corresponds to To € Y, _1,,(q).

Lemma 2.4.6. The element T% is central in Yq . It follows, by specialization, that Tjo
is central in 77 (G, U).

Proof. Proceeding as in [GP, §4.1], we define a monoid BT generated by
Ti,...,Th—t,hy, ..., hy

subject to the relations

(a) TiT; =TjT,‘fOI‘1 <i,j<n—1withl|i—j|>1;
(b) T;Tip1 Ty =T TTipp for 1 <i <n—2;
(¢) hT; =Tihy(jforl <i<n—1landl < j<n,wheres; :=(,i+1) € &,.
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Observe that these are simply relations (a), (b) and (d) given for Y, , in Section 2.3.1;
one can define the monoid algebra Clu*"][B*] of which Y., will be a quotient via the
mapping
T, = T, hj — hj,
forl <i<n—1landl<j <n.
Letting

To:i=Ti ~Tiy € Clu™[B1],

it is enough to show that T¢ is central in C[u=!][BT]. Arguing as in the proof of [GP,
Lemma 4.1.9], one sees that T% commutes with each T;, 1 < i < n — 1. Furthermore,
relation (c) and (3.2.5) give

j:l][

2 _ 2 2y
hjTg = Tohyz(;) = Tohy,

provided we note that w(z) = 1 implies wo = wy, - S @ -8y ]

=
The following will be useful when we look at representations.

Lemma 2.4.7. The element e; defined in (2.3.1) commutes with T; in Y g (u).

Proof. By relation (d), we see that T;(h/h;/}) = (h;/h/, )T;. The lemma follows by
averaging over j = 1, ..., d and observing that both h; and h;; have order d. O

Lemma 2.4.8. The elements Ty, ..., Ty—1 € Ya.,(u) are all conjugate.

Proof. From relation (f) in Section 2.3.1, we see that each T; is invertible, with inverse

T =u (T = (= Depfifisr.

1

Then
(TTiaTHOTi (T T = (T T T (T TiTip) ™ = Ty

and the statement follows by transitivity of the conjugacy relation. O

2.5. The double centralizer theorem

The following is taken from [KP, §3.2]. Let K be an arbitrary field, A a finite-dimensional
algebra over K, and W a finite-dimensional (left) A-module. Recall that W is said to be
semisimple if it decomposes as a direct sum of irreducible submodules. If A is semisimple
as a module over itself then it is called a semisimple algebra; the Artin—Wedderburn the-
orem then states that any such A is a product of matrix algebras over (finite-dimensional)
division K-algebras. If U is a finite-dimensional simple A-module, then the isotypic com-
ponent of W of type U is the direct sum of all submodules of W isomorphic to U. The
isotypic components are then direct summands of W and their sum gives a decomposi-
tion of W precisely when the latter is semisimple; in this case, it is called the isotypic
decomposition of W. We recall the following, which is often called the “double central-
izer theorem.”
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Theorem 2.5.1. Let W a finite-dimensional vector space over K, let A C Endg M be a
semisimple subalgebra, and let

A" =Endy W :={b € Endg W : ab = ba Va € A}

be its centralizer subalgebra. Then A’ is also semisimple and there is a direct sum de-
composition
-
w=Epw
i=1

which is the isotypic decomposition of W as either an A-module or an A’-module. In
fact, for 1 < i < r, there is an irreducible A-module U; and an irreducible A’-module
Ui/ such that if D; := Endg U; (this is a division K-algebra by Schur’s lemma), then
End 4/ Ul-/ = D°P and

W, = U; ®p; Ui/'

Remark 2.5.2. If K is algebraically closed, then there are no non-trivial finite-dimen-
sional division algebras over K, and so in the statement above, the tensor product is
over K.

We are interested in the case where K = C (so within the scope of the above remark), H
and G are as in Section 2.1, W = Indg 1y is the induction of the trivial representation
of a subgroup H < G to G, and A is the image of the group algebra C[G] in End¢c W.
Then A is semisimple, and via Proposition 2.1.7 we know A" = (G, H). We can then
conclude the following.

Corollary 2.5.3. The Hecke algebra 77 (G, H) is semisimple.

Furthermore, one observes that the kernel of the induced representation Indg 1 is given
by ﬂgeG gHg™!. Thus, applying Theorem 2.5.1 with A = (G, H), since its commut-
ing algebra is the image of the G-action, we may state the following.

Corollary 2.54. If (,cq gHg Vs trivial, then

C[G] = End (6. 1) Ind) 1.

2.6. Representations of Hecke algebras

We return to the abstract situation of Section 2.1. By a representation of 7 (G, H) we
will mean a pair (W, p) consisting of a finite-dimensional complex vector space V and
an identity-preserving homomorphism p : 5 (G, H) — Endc W. Let (V, ) be a repre-
sentation of G and let V¥ C V be the subspace fixed by H. Then V# is a representation
of the Hecke algebra (G, H) via the action

1

= TH Z p(a@)m(a) - v (2.6.1)

aeG

Q.
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for 9 € (G, H) and v € VH Tt is easy to check that p.v € V¥, so that this is well
defined.
Note that upon choosing a basis vector for the trivial representation 15 of H, we may
identify
Homp (14, Res% V) = VH

by taking an H-morphism to the image of the basis vector. Thus, we have defined a map
Dy :RepG — Rep #2(G, H), (V,m)+ Homgy(1y, Resg vyzvi,
Let us now set
Irr(G: H) :={¢ elirG : (¢, ]lg) > 0}, (2.6.2)

where (, ) is the pairing on characters; the condition is equivalent to Hompgy (1, Resg Z)
# 0. We can now give the following characterization of irreducible representations of
(G, H), which in the more general case of locally compact groups is [BZ, Proposi-
tion 2.10].

Proposition 2.6.3. If (V, ) is an irreducible representation of G, then V¥ is an irre-
ducible representation of 7€ (G, H), and every irreducible representation of (G, H)

arises in this way, that is, Dy restricts to a bijection Dy : Irr(G : H) S Ir (G, H).
Since C[G] and J#(G, H) are semisimple, we can apply Theorem 2.5.1 to W =
Indg 1. If we denote the set of irreducible representations of G by Irr G, we find that

nd$ 1y = EB. VeV, (2.6.4)
Velr G
vH;éT{O}

with elements of G acting on the left side of the tensor product and those of J7(G, H)
acting on the right. One has a consistency check here: for an irreducible representation V
of G, the multiplicity of V in Indg 1g is given by

dim Homg (Ind$, 1, V) = dim Homp (1, Res% V) = dim V¥,

which is confirmed by the decomposition in (2.6.4).

2.6.1. Traces. Let M = Indf, 1y be as in Section 2.1. Observe that if X € Endc M,
then relative to the basis (2.1.2), its trace is computed as

try X =Y (X.fo) ().

veV

Lemma 2.6.5. Let g € G and ¢ € (G, H) and consider g = ¢g € Endc Indg 1y
(where g is thought of as an element of Endc Indg 1y via (2.1.3)). Then

1 _
r(gg) = == > glgx ™= 3 xv(@xoum(®)
| | xeG Velrr(G:H)

where xv is the character of the G-module V, and xp,(v) is that of the 7€ (G, H)-
module Dy (V).
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Proof. In the notation of (2.1.2),
|H|tr(gg) = H| Y _((80)-fo) () = [H| Y (9. f)wg) =Y > 03 fuly 'vg)

veV veV veV yeG
= Z Z p(y) = Z Z o(y) = Z Z e(vgv'h™h
veV y~lugeHw veV yevgv—lH veV heH
=22 elth)gh)™) = 3~ plxgx™),
veV heH xeG

where we use (2.1.1) at the last line. On the other hand, if g, ¢ are as in the lemma, then
applying g¢ = ¢g to the decomposition (2.6.4), we get

rgp) = Y xv(@xpv)(®). o
Velir(G:H)

2.6.2. Induced representations. Let G, H, L, K and U be as in Section 2.1.2. Then
one sees that L N U is trivial and hence we may define P := L x U. The inclusion
(L, K) — (G, H) given by Proposition 2.1.14 allows us to induce representations
from (L, K) to (G, H): if V is an # (L, K)-representation, then
H(G,H
Ind%EL,K)) V=G, H)®uwwrx Vs

yielding a map Rep 5 (L, K) — Rep (G, H).
We also have a “parabolic induction” functor: for V € Rep L, we define

ROV :=nd§ Infi} v, (2.6.6)

which gives a map RepL — Rep G. Let Rep(G : H) denote the set of isomorphism
classes of (finite-dimensional) representations of G at least one of whose irreducible com-
ponents lies in Irr(G : H). We claim that if V € Irr(L : K), then REV € Rep(G : H)

and hence Rg yields a map
RY :Trr(L : K) — Rep(G : H).
We know that V € Irr(L : K) if and only if Homg (1, Resf( V) # 0. The latter implies
0 # Hompy (1, Resh Infif V) = Homp (Ind%, 15, Infl} V).
Now, inducing to G in both factors' yields
0 # Homg (Ind% Ind%, 15, Ind§ Infl} V) = Homg (Ind%, 15, R V)
= Homp (1, Res$, REV),

which proves the claim.
Our goal here is to show that D-operators are compatible with these induction opera-
tions. Here is the precise statement.

UIf B € Irr P, then 11pq g € Endg(Ind$ B, Ind$ B), so Homp (B, Res$ Ind B) # 0, and thus
B is an irreducible component of Resg Indg B. It follows that if A and B are any P-representations
with Homp (A, B) # 0 then Homg (Ind§ A, Hom§ B) # 0.
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Proposition 2.6.7. Assume that (\,c; £K ¢~V is trivial. Then the following diagram com-
mutes:

Irr(L - K) —% = e #2(L, K)

Rfl Llnd
Dy

Rep(G : H) —— Rep 7(G, H)
Proof. By the assumption, Lemma 2.5.4 gives us
C[L] = End g k) Indg 1x = Indk 1x ® 1 k) (Indk 1x)*.
Therefore, given V € Irr(L : K), we may rewrite this as
V=CILI®ci V = Ind% 1k @ .k) (Indf( 1x)* ®crry V (2.6.8)
where now we are taking the L-action on the first factor Indf( 1g. Since
(Ind% 1x)* ®cz) V = Homy (Indk 1x, V) = Homg (1, Resk V) = Dg (V),

(2.6.8) gives
V= Ind% 1k ®rw, k) Dk (V).

Now, applying Rf to both sides, one gets
RYV = R (Indg 1x ®(L.x) Dk (V) = R (Indg 1x) @ (k) Dk (V), (2.6.9)
as the L-action is on the first factor. Now, using the natural isomorphisms of functors
Inﬁf Indk = IndZ Inﬂg , Indg Indz = Indg
and the fact that Inﬂlg 1x = 1y, we can simplify
RY (Ind% 1x) = Ind$ Infi} Ind% 15 = Ind% Indf, nfi¥ 1x = Ind$ 14,
and so (2.6.9) becomes
RYV =Indf§} 1n ® (k) Dk (V).

Applying now the functor Dy = Hompgy(1y, Resg(—)) to both sides, and again
noting that the G-action on the right hand side is on the first factor, we get
Dy (RYV) = Hompy (1, Res Ind% 1) ® 1. k) D (V)
= Endg (Indfj 14, Indf; 1) ® s(L.x) Dk (V)

= H(G. H) ®r(1x) Dk (V) = Ind 7 {) Dy (V). :
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2.7. Character tables

We now review some facts about the character tables of some finite groups which will be
used in our counting arguments later. In this section and later, if A is an abelian group,
we often denote its group of characters by A := Hom(A, C*).

2.7.1. Character table of GL, (IF;). We follow the presentation of [Ma, Chapter IV].
Fix a prime power g. Let ', := TFZZ be the dual group of IF,,. For n | m, the norm maps
Nm,, , : IFqX,,, — ]F;,, yield an inverse system, and hence the I';, form a direct system
whose colimit we denote by

.= 11_11)1 .
There is a natural action of the Frobenius Frob,, : F: — F;, given by y > 4, restrict-
ing to each F;n and hence inducing an action on each I';, and hence on I'; we identify [,

with T'F°% et ® denote the set of Frob,-orbits in I'.
The weighted size of a partition A = (A1, A2, ...) € Pis

) 2\
n() = Z(z — D = Z (5)
i>1 Jj=1
where, as usual, A" = (A}, A}, ...) is the conjugate partition of A, i.e., A} is the number
of A;’s not smaller than i. The hook polynomial of X is defined as
Hiq@) =[] -1 @.7.1)
Oea
where the product is taken over the boxes in the Ferrers diagram (cf. [Sta, 1.3]) of A, and
h(0OJ) is the hook length of the box [ in position (i, j) defined as
(@) = A + 2 —i—j+ 1.

By [Ma, IV (6.8)] there is a bijection between the irreducible characters of GL,,(q)
and the set of functions A : ® — P which are stable under the Frobenius action and
having fotal size

A=) Iyl IAW)

ye®

equal to n. Under this correspondence, the character xf\} corresponding to A has degree

[Ti@ -1

—_ 2.7.2
g "NV Hp(q) *72
where
Hx(q) = [ | Haon@"D. (2.7.3)
ye®
n(A) =Y lyln(Ay)). (2.74)

ye®
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Remark 2.7.5. There is a class of irreducible characters of GL, (IF,;), known as the
unipotent characters, which are also parametrized by P,. Given A € P,, the associated
unipotent character x f is the one corresponding to, in the description above, the function
A; 1 ® — P, where A takes the (singleton) orbit of the trivial characterin I'y to A € P,
and all other orbits to the empty partition.

In fact,any ¢ € I'1 = IF; is a singleton orbit of Frob, and so we may view I'| as a
subset of ®. Thus, if we let Q, denote the set of maps A : I'; — P of total size n, i.e.,

A=) 1AW =n,

vel

then @, is a set of maps ® — P of size n. The set of characters of GL, (F,) correspond-
ing to the maps in Q,, will also be important for us later.

The following description of the characters corresponding to Q,, can be found in the
work of Green [Gr]. Suppose ny, ny are such that n = ny + ny. Let L = GL,, (Fy) x
GL,, ;) and view it as the subgroup of GL, (IF,) of block diagonal matrices, Ui, < G
the subgroup of upper block unipotent matrices, and P := L x U, the parabolic subgroup
of block upper triangular matrices. The o-product — o — : Irr GL,,, (F;) x Irr GL,,, (F;) —
Rep GL,, (Fy) is defined as

x10x2=RE(n ® x2) = IndS Inflf (1 ® x2). (2.7.6)

Now, given A € Q,, we will often write ¥, ..., ¥, € I'y for the distinct elements for
which n; := |A(¥;)| > 0 (note that Y, n; = n) and A; := A(y;). Foreach 1 <i <r,
we have the unipotent representation xf, of GL,; (IF,), described above, as well as the
character W,-G = ¢ odet : GL,; (IF;) — ]qu — C*. Then the irreducible character xf
of GL, (F,) associated to A € Q,, is

18 = Uy ® ¥ 00 (XRy,) @ V). 277

The fact that it is irreducible is attributable to [Gr]. One may also think of the tuple of
characters of the GL,; (IF,) as yielding one on the product, which may be viewed as the
Levi of some parabolic subgroup of GL,, (IF,). Then the above o-product is the parabolic
induction of the character on the Levi.

2.7.2. Character table of N. Recall the isomorphisms N=T x &, = (]F; )" % &,,. Our
aim is to describe Irr N, but let us begin with a description of the irreducible represen-
tations of each of its factors. One has Irr T = /T\ the dual group. Furthermore, it is well
known that Irr G,, is in natural bijection with the set P, of partitions of n: to A € P, one
associates the (left) submodule of C[&,,] spanned by its “Young symmetrizer” [FH, §4.1];
we will denote the resulting character by XAG.

To describe Irr N explicitly, we appeal to [Se, §8.2, Proposition 25], which treats the
general situation of a semidirect product with abelian normal factor. If ¥ € T then ¥
extends to a (1-dimensional) character of T x Stab ¢ (note that if we identify T = (IF; )",
then G,, acts by permutations) trivial on Stab ¥/; so now, given x € Irr(Stab i), we get
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Y x € Irr(T xStab ). The result cited above says that IndIfI>q Stab ¥ ® x is irreducible
and in fact all irreducible representations of N arise this way (with the proviso that we get
isomorphic representations if we start with characters in the &,-orbit of /).

If we write ¥ = (Y1, ..., ¥n) € (F7)", then Staby = &, x --- x &, where the
n; are the multiplicities with which the v; appear. Further, x € Irr(Stab ) = Irr §,;; x
- xIrr &, so x is an exterior tensor product xf? - - '®xs with A; € Py,. Thus, from
Ind ¥ ® x, we may define amap A : 'y — P by setting A(y;) = A; where j is among
the indices permuted by &,,,, and letting A (¢) be the empty partition if ¢ € ﬁqu does not
appear in V. In this way, we getamap A : 'y — P of total size n, i.e., an element of Q,,
defined in Remark 2.7.5.

Conversely, given A € 9, let Y; € I't, n; and A; € Py, be as in the paragraph
preceding (2.7.7). Let T; := (IF;)’” and set N; := T; x G,,. Observe that if ¢ € T
is defined by taking the v; with multiplicity n;, then [];_; N; = T x Stab . Now, ;
defines a character of N; by

([1,...,tni,6) = le(tj)v

j=1

and Xf, defines an irreducible representation of &,,; and hence of N;. Hence we get

N; S
Xogyy = xf ® ¥; € IirN;.

Taking their exterior tensor product and then inducing to N gives the irreducible repre-
sentation

xn =Tndfy, QR xiy, €N, (2.7.8)
i

It is in this way that we will realize the bijection Q, SIr N.
It will be convenient to define for A € Q,, the function A € Q,, as

~ | A@)" for ¢ odd,
AW = {A(l//) for ¥ even, (2.7.9)

where ¥ is said to be even if 1//(—11pq) = 1¢, and odd otherwise.

2.8. Parameter sets for Irr H,,

Here, we take up again the notation introduced at the beginning of Section 2.2. Given a
partition A € P,, we will be able to associate to it three different characters: the unipotent
character X;? of G described in Remark 2.7.5, which we will see below is, in fact, an
element of Irr(G : B); a character X{f € Irr 77(G, B); and the irreducible character Xf;
of the symmetric group &,. The discussions in Sections 2.2 and 2.6 suggest that there are
relationships amongst these, and the purpose of this section is indeed to clarify this.

To a partition v € Py, say v = (v, ..., Vg), one can associate a subgroup S, :=
G, x -+ x 6,, <6, and then consider the character ‘L’VG of the induced representation
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Indg’: ls,. Then these characters are related to those of the irreducible representations
XAG (see Section 2.7.1) by the Kostka numbers K3, [FH, Corollary 4.39], via the relation-
ship
S = Z Kioxy. (2.8.1)
reP,

Also to v € P, one can associate a standard parabolic subgroup P, < G whose
Levi factor L, is isomorphic to GL,, (F;) x --- x GL,, (F,). Then one may consider the
character 75 := Indg’v 1 p, of the parabolic induction of the trivial representation.’

Then if A € P, and XS denotes the corresponding unipotent characters (as described
in Remark 2.7.5), the following remarkable parallel with representations of the symmetric
group was already observed in [Ste, Corollary 1]:

8 = Z Kol (2.8.2)
reP,

In particular, as K;; = 1 for all » € P,, we see that x f is a component of rf and hence
of tgn ) which is the character of Indg 1g. This shows that

{7 : » € Py} CIr(G : B). (2.8.3)

Now consider the specializations (2.2.1) of H,, corresponding to 6,, 0; : Clu*] — C.
Since H,(«) is split semisimple [CR, (68.12) Corollary], Tits’s deformation theorem
([CR, (68.20) Corollary], [GP, 7.4.6 Theorem]) applies to give bijections

dg, : TrrHy(u) = TrrHy(g) = It (G, B),  dp, : IrrHy(u) = Trr Hy (1) = Iir &,

where a character X : H, — C[u™!] (the characters of H, () are in fact defined over
C[u*!] by [GP, Proposition 7.3.8]) is taken to its specialization X, : H, — C ®y,
Clur'1=Cforz=1orz = q. We can thus define the composition

Ty :=dy, od; ' : &, — Irr (G, B). (2.8.4)
Now, we have bijections (using Proposition 2.6.3 for the one on the left)
Irr(G : B) Irr G,
K / (2.8.5)
Irr 22(G, B)
and since |Irr G,,| = |P,] all of the sets are of this size, so the inclusion in (2.8.3) is in

fact an equality
Ir(G : B) = {x7 : & € Pu).

Furthermore, the following holds.

2 By [DM, Proposition 6.1], r‘? depends only on the isomorphism class of L, (rather than the
parabolic P,), which in turn depends only on v.
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Proposition 2.8.6 ([HR, Theorem 4.9(b)]). For A € P,, one has
D5 (x) = Te(x).

Proof. [CR, (68.24) Theorem] states that the bijection Dy ! oTg : Ir G, = Irr(G : B)
satisfies

(D5 o TR (D), t5) = (X2, )

for all v € P,. Since the right hand side is, from (2.8.1), K}, formula (2.8.2) implies that
wemusthaveDgloTB(Xf’)zxf’. m]

This allows us to unambiguously define, for each A € P,, an irreducible representation
x¥ € It #(G, B) by

X7 =Dp(x) = Te(x).

2.9. Parameter sets for IrrY g p,

In Section 2.7, we saw that the set Q,, was used to parametrize both the irreducible rep-
resentations of Irr N (Section 2.7.2) and a subset of those of G = GL,(IF;) (Remark
2.7.5). We will see (in Remark 2.9.20) that the latter subset is in fact Irr(G : U), which
by Proposition 2.6.3 yields the irreducible representations of .7 (G, U), and furthermore
that Tits’s deformation theorem again applies to the generic Yokonuma—Hecke algebra,
which gives a bijection of these representations with Irr N. The purpose of this section is
to establish, as in Section 2.8, the precise correspondence between the relevant irreducible
representations in terms of the elements of the parameter set Q,,.

Let us proceed with the argument involving Tits’s deformation theorem. Recall from
Theorem 2.4.3 that we have isomorphisms

JC(G,U)=Yy_1,(q) and C[N]=Y,_1,(1)

by specializing Y,_1, at u = g and u = 1, respectively. Thus, both (G, U) =
Y4-1,n(g) and C[N] = Y, _1,(1) are split semisimple by [CPA, Proposition 9], and
Ya.n(u) is also split by [CPA, 5.2].3 Thus, the deformation theorem ([CR, (68.20) Corol-
lary], [GP, 7.4.6 Theorem]) again applies to yield bijections

dg, tTtrY g1 (u) = IrrYq_1,(q) = It (G, U),

~ 2.9.1)
do, It Yy q p(u) = IrrYy g (1) =Ir N,

where we denote by 0, : Clut'] — C the C-algebra homomorphism sending u to g.
Again, [GP, Proposition 7.3.8] applies to show that if X € IrrY, ,(u), then in fact X

3 Strictly speaking, [CPA] considers Y ,,(v) where v2 = u. However, one can define all irre-

ducible representations in [CPA, Proposition 5] of Y ,, (v) already over Y ,, (u) by a slight change
in the defining formulas of [CPA, Proposition 5] (see [CPo, Theorem 3.7]).
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maps Yq, , into C[u*!], and the bijections in (2.9.1) are in fact the specializations of X.
We may put these together to obtain a bijection

Ty = dgq o d@_]1 :IrrN — Irr 27(G, U). 29.2)
Furthermore, [GP, Remark 7.4.4] tells us that
dgq (X) =0,(X) and dp (X) = 61(X). (2.9.3)

In particular, the dimensions of the irreducible representations of 7°(G, U) and C[N]
agree. Thus, we may conclude from Wedderburn’s theorem that the Hecke algebra
(G, U) and the group algebra C[N] are isomorphic as abstract C-algebras.

Defining Dy : Irr(G : U) — Irr #7(G, U) as in Proposition 2.6.3, we get a diagram
like that at (2.8.5):

Irr (G : U) IrrN

N y (2.9.4)

Irr 22 (G, U)

Forevery A € Q,, we will define a character XX € IrrYg.,(u) (see (2.9.24) in Section
2.9.4 below) such that

XY @, C=dp (X)) = 5} eIrN

is the one described in Section 2.7.2 for the modified A. This together with the u = ¢
specialization

XY ®q, C=dg, (X)) = x3/ €t #(G, U)
will satisfy
Tu(}) = xx7 -
As in Section 2.6, for a character X/C\‘ € Irr(G : U) one defines
Dy(x) := Homy(lu, Resg x),

namely, the subspace of U-invariants, as in Proposition 2.6.3.
Our definition of XX will be such that the X[C\' from Section 2.7.1 is mapped by Dy to
the same x Zf , thus proving the main result of this section.

Theorem 2.9.5. Let the characters Xf\} and X}\\I be those described in Sections 2.7.1
and 2.71.2, respectively. Then the set Q,, parametrizes the pairs of irreducible representa-
tions (V, VY) from Proposition 2.6.3 in such a way that the characters

X[C\’ e Irr(G: U) and X;I;I e IrrN

satisfy
Dy(xg) = Tu(x}) € Ir #(G, U).
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Inspired by the construction of Irr N in Section 2.7.2, we establish a parallel with the
technique of parabolic induction to build the character table of G using the unipotent
characters as building blocks.

The rest of this section is devoted to studying the bijections Dy, Ty, Dg and Ty more
carefully. In Section 2.9.1 we prove the compatibility between them. In Section 2.9.2
we analyze their behaviour under a twist by a degree one character. In Section 2.9.3 we
check their interplay with parabolic induction and exterior tensor products. Finally, in
Section 2.9.4 we construct the character table of the generic Yokonuma—Hecke algebra,
as a common lift of both Irr N and Irr(G : U).

2.9.1. From B to U. Let us start by checking that the correspondence for the unipotent
characters X;? in the 77 (G, U)-case agrees with the one in the (G, B)-case (cf. Remark
2.7.5). Taking G = G, H = B, K = U and L = T in Proposition 2.1.12, noting that
Lemma 2.1.11 applies as the set N of double U-coset representatives normalizes T, we
get a surjective homomorphism 57 (G, U) — (G, B), and hence we obtain an inflation
map Infl : Rep #7(G, B) — Rep J2(G, U), taking Irr 57°(G, B) to Irr 5(G, U). We can
then make the following precise statement.

Proposition 2.9.6. The following diagram is commutative:

Itr(G : B) —2> It #(G, B) <2— It &,,
Infl llnﬂ (297)
(G : U) —s Trr A2(G, U) <Y TN

where the top horizontal arrows are the bijections in (2.8.5), the bottom horizontal arrows
those in (2.9.4), the leftmost vertical arrow is the natural inclusion and the other two are
the inflation maps.

Proof. We know from Proposition 2.6.3 that Dg maps X,{} to the character X)‘-L%ﬁ €
Irr 57(G, B) given by

% = Homg (1, Res§ x9) = Homg (IndS 15, x9).

We want to replace Indg’ 1g by Indg 1y. Let us take a closer look at the latter. It is canon-
ically isomorphic to Indg IndlfJ 1y, but since B = U x T, we have IndlfJ 1y = Inﬂ% C[T],
where C[T] is the regular representation of T. Since C[T] is the direct sum of the degree
one characters ¢ : T — C*, the group of which we denote by T, one finds that Infi¥ C[T]
is the sum of the inflations ¢ : B — C*, hence

Ind 1y = @D Ind§ 4.
q)eT

and
Homg (Ind$ 1y, x5) = @ Homg (Ind$ ¢, xL). (2.9.8)
¢>e:f
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For any ¢ € T one has
Homg(Ind$ ¢, IndS 1) = Homg (¢, Resg IndS 1),

which by the Mackey decomposition becomes

> Homg(¢.Ind} i, (lgn,-1p,))
o€B\G/B

_ B
= Z Homgq;-1p, (Resg 15, @, Lgng-1ps)
o€B\G/B

where o runs over a full set of B-double coset representatives. Since T € B N o~ 'Bo
acts non-trivially on Resg o —1po (#) for ¢ non-trivial, the only non-vanishing term in this
last sum is the one with ¢ = 1p.

Since XAG is a constituent of Indg 1y, only one summand on the right hand side of
(2.9.8) does not vanish and we end up with

Homg (Indg 1y, x°) = Homg(Ind§ 15, x7).
The irreducible 57°(G, U)-representation associated to XAG is
Homy (1y, ResS x) = Homg (IndS 1y, x5),

which is thus isomorphic to Homg (Indg 1g, X/\G) with the (G, U)-module structure
induced by the surjection 57 (G, U) — (G, B) coming from Proposition 2.1.12. This
proves the commutativity of the left square in (2.9.7).

The right one is also commutative since all the non-horizontal arrows in

Irr H,, (1)
ds, 1 ds,
Ts
Irr 77 (G, B) Ir S,
l[nﬂ
Infl Irr Y, (u) Infl
ds, dp,
Irr (G, U) T N

arise from taking tensor products. O
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2.9.2. Twisting by characters of ]F;. In order to deal with character twists, we extend the

Iwahori—Hecke algebra as follows. For d, n > 1 we introduce the (C[uil]—algebra Ha.n
defined by

Han == Hulh1/ (B¢ — 1) = H, ®c C[C,]

where C, is the cyclic group of order d and & € C; a generator. As usual, denote by
Ha.n (1) the corresponding C(u)-algebra C(u) ®cy,=17 Han-

Since Hy , (1) is a tensor product of semisimple algebras it is also semisimple and its
set of characters is the cartesian product of those of its factors. Concretely, for A € P,

and ¢ € Irr C[Cy] we define X. )\I—fl‘;’" to be the exterior tensor product

Ha.n
X,

= X" @ € TrHg (u) = TrrHy (u) x Trr C[C,]. (2.9.9)

These are all the irreducible representations of Hy , (1), and they all come from localizing

. . . Hyn
certain finitely generated representations of Hy , that we also denote by &, :0 .
There is a natural quotient

Yan = Han (2.9.10)

that sends the h; € Y4, toh € H; , and the T; € Y, ,, to the T; from H,,.
The u = 1 specialization gives

C®¢, Han = C[6,] ®c C[Cal = C[S, x Cql,
and the u = g specialization gives
C®g, Han ~ #(G, B) ®c C[Cql,
which in the d = g — 1 case gives
H(G, B)[qu] ~ #(G,B;) where By =BNSL,F,).

Here
Irr #7(G, By) = Irr #7(G, B) x IrrIF;

and the u = g specialization of the natural map (2.9.10) becomes
(G, U) - (G, B)[IE‘;] (2.9.11)
where, for 0 € G, and ¢t € T, the corresponding basis elements are mapped as follows:

G, U) > T, — T, € (G, B),
J(G,U) > T, — dett € ]F; C (G, B)[]qu].
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Remark 2.9.12. The T; from Y,_; , corresponds to w; € T x &,,, whereas the T; from
Hy—1,n corresponds to 0; € &, C IF; X &,,. Therefore, the u = 1 specialization of
(2.9.10) gives the surjection

Tx&, —» IF;‘ x6,, TxG6,3(t,0)+ ((dett)(sgno),o) € ]F;< x 6, (2.9.13)
where sgno = (—1)) ¢ ]F;< For this reason we define

Infl : Ire(S,, x IB‘;) — IrN

FX&
as composition with the map (2.9.13). Thus, for Xk,qw = XAG QY € Irr(IF; x G,) and
(t,0) € N, we have

(%) (t, o) = (s o) (det 1) xS (@). (2.9.14)

Remark 2.9.15. In general, we reserve the notation Infl for inflation by the natural quo-
tient. In this case it is
Tx&, —» IE‘; x G,

mapping (¢, 0) € T x G, to (dett, o). Therefore, by (2.9.14),

~ F*& FX&
Inﬂ(x)hqw )(t,a) = ¥ (sgno) Inﬂ(xk’qw )(t,o).

Since ¥ o sgn € Irr G, is the sign representation when v is an odd (i.e., non-square)
character, and is trivial when 1 is even (i.e., the square of a character), and tensoring with
the sign representation amounts to taking the transpose partition A/, we see that

Inﬂ(xl,’w) for ¢ odd,

Infl =
.y) Infi(x, ,)  for ¢ even,
where the superscripts F; G have been omitted.

Remark 2.9.16. In any case we have

X X

~  F;& - S
Inﬂ(X;L"f]// )(@) = Y(dett) x> (1) = Inﬂ(X;th/, )()
forr € T S N, and
~ FXG IFXG
Inﬂ(XA,qw )(@i) = x> (si) = Inﬂ(xl’“w )(si)

where w;, s; € N as in Theorem 2.4.3. Thus, by definition of the characters X[If € IrrZ>o
for A € Q,, in Section 2.7.2 and (2.7.9),

XR@0) = x @) and  xR(@) = x)(s0) (2.9.17)

for A € Q,,t €T, and w;, s; € N as before.
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Let Xf € Irr(G : B) C Irr(G : U) be a unipotent character and let v € '} = ﬁqu As
in Remark 2.7.5, we have ¥/ := ¢ o det : G — C* and we consider the representation
xS ®y 6. Since U C ker ¢¢, we have dim (x° @y %)V = dim (x5 > 0,50 x @y C €
Irr(G : U). Thus, taking tensor products gives a map Irr(G : B) x Ej — Irr(G : U).

Proposition 2.9.18. Let € I'| be as above. Then the following diagram is commuta-
tive:

1r(G : B) Dy Itr (G, B) Ty IS,

—Qy -y -y

(G : B) x B —220 s [rr(#(G, B)[F D) <2 (&, x F)

] i T

Ir(G : U) D Irr (G, U) Tu N

Proof. The commutativity of the squares on the left largely comes from the formula
(2.6.1) for the action of the Hecke algebra, as well as noting that the S (G, U)-action
factors through the surjection onto 77 (G, B)[IF;] = J(G, B}), which comes from ei-
ther (2.9.11) or Proposition 2.1.12.

The squares on the right are also commutative since all the non-horizontal arrows in

Trr H, (1)
d()q dgl
Ty
Irr Q%i(G, B) Irrp@,Z
-®y
~ov Trr(H, () [ ) -
ds, A ds,
T, id
e (G, B)[F ;1) Tl i, x F)
Infl
Infl Irr Y, (u) i
dog ds,
Ty
Irr 772(G, U) Irr N
arise from tensor products. O

2.9.3. Parabolic induction. We now check that the parabolic induction of a product of ir-
reducible representations is compatible with the operations Dy (coming from Section 2.6)
and Ty (defined at (2.9.2)).
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Suppose ny, ny are such that n = ny +ny. Fori = 1, 2, let G; := GL,, (F,), and
let B;, U;, and N; be the respective subgroups of G; as described at the beginning of
Section 2.3. Let L = Gy x Gy and view it as the subgroup of G = GL, (IF;) of block
diagonal matrices; let Ui < G be the subgroup of upper block unipotent matrices and
P := LUj; the corresponding parabolic subgroup. If By, := L N B, then its unipotent
radical is U, = LN U = U; x Uy. One may also identify N; x N> with a (proper)
subgroup of N.

Remark 2.9.19. Observe that U = Uy, x Uy, and L normalizes Uy, so that, with G = G,
H=U,L =L, K =U and U = Ujp, we are in the situation of Section 2.1.2, and
Proposition 2.1.14 gives an inclusion (L, UL) < (G, U). Furthermore, the functor
RS : RepL — Rep G defined at (2.6.6) is the usual parabolic induction functor.

Remark 2.9.20. Fori = 1,2, let 1, %2 € F be distinct and let 3; € P,,. Then by the
discussion preceding Proposition 2.9.18, XS ® wl.Gi € Irr(G; : U;). Thus, Remark 2.9.19
makes the discussion preceding Proposition 2.6.7 relevant: it says that ( Xfl ® 1//]G Do

(XS ® 1//1.G ") € Rep(G : U). However, this o-product is irreducible, as mentioned in
Remark 2.7.5, so in fact it lies in Irr(G : U). By a straightforward inductive argument,
we see that for every A € Q,, one has Xf € Irr(G : U) (as defined in Remark 2.7.5).
We repeat the argument of Section 2.8 to show that Irr(B : G) consists of precisely the
unipotent representations: one has an inclusion

x§:A € Q) Cr(G: U,

but since |Irr(G : U)| = |Irr J2(G, U)| = |IirN| = |Q,,| via the bijections Dy and Ty,
we must have equality.

Remark 2.9.21. Since

G G
Homy, (Ly, . Resy, (x;' ® x,))

= Homy, (1y,, Resgi XlGl) ®¢ Homy, (1y,, Resgi Xsz)
as modules over the algebra 7 (L, Up) = (G, Uy) ® #(Gy, Uy), one has
Dy, (1 ® x32) = Dy, (x") ® Du, (x5 2). (2.9.22)

Proposition 2.9.23. The following diagram is commutative:

Dy, Tu,
Irr(Gy : Up) x Irr(Gy : Up) ——= Trr 2 (L, Up) =<—— Irr(N; x N»)

| | lmd

Rep(G : U) D Rep 7(G, U) -<L RepN
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Proof. Commutativity of the left square comes from Proposition 2.6.7, which applies by
Remark 2.9.19 and by observing that (), 2ULe™ ! s trivial.
Let us take representations XIY , X2Y of Yy—1,n,(w) and Y41, (#) and denote their

Nj

corresponding u = 1 specializations by x,"' and X;I 2, and their u = g specializations by

xl % and X2 2, respectively, so that

i

N; .
TU,‘ (Xl ) = Xi

Fori =1, 2 we write XI.G[ for the corresponding G; representation, in such a way that
Xz%{; agrees with
G, G;
Homy; (Ly;, Resyy; x; ),
namely, the 7(G;, U;)-representation Dy; ( Xl.Gi ).
By (2.9.22), the commutativity of the right square follows since the vertical and diag-
onal arrows in

II'I'(Ynl (M) ®(C(u) Ynz (M))

dg, ‘ d,
Ty,
Irr 7 (L, Ur) Irr(N; x N»p)
jlnd
Ind Rep Y, (u)
Rep 72(G, U) RepN

come from taking tensor products. Namely

S,
Ind, 0 TuGy ' ® 1) = #(G, U)®%(LUL)(X1 ® 17

happens to be the u = g specialization of
Y Y
Y, ®Yn]®Yn2 X' ® X,)).
Taking the u = 1 specialization gives
CIN] ®¢N, xNy) o' ®x) = InlexNz(X ® X2,

thus proving

£ (G,U N N N N
dJZ”EL U)) Tu, (41! ® X3 2) = Tulndy, e, (X' © x5 2))- o
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2.9.4. Proof of Proposition 2.9.5. We define a family of representations of Y, i,
parametrized by Q, whose u = 1 specialization matches that of Section 2.7.2, and whose
u = q specialization gives the Dy image of the characters described in Remark 2.7.5.
Given a partition A - n and a character i : F; — C*, let us define a representation
XZ‘I’/;L” of Y,_1,, by inflating the H,_1 ,-representation XAH" ® ¢ from (2.9.9) via the
natural quotient (2.9.10).
Now, for A € Qy, let ¥, A;, n; be as in the paragraph preceding (2.7.7) and consider

the (C[uil]-algebra
Yo =@ Yg-1
i

which may be embedded in Y, 1, by a choice of ordering of the indices i. This has the

representation
Y(nl-) XYq_Iv"i

A =Xy
1

where the tensor is over C[uT!], and we may define XX as the induced character

Yo
Y = Indy? 2, (2.9.24)

We are now in a position to prove Proposition 2.9.5.

Proof of Proposition 2.9.5. Take a A € Q, and the corresponding pairs (};, ¥;) with
A(Y;) = Aj, and define n; = |A;]. Let us write N; = (F;)”i X 6,,;, Gi = GL,, (Fy),
L = []; G; viewed as the subgroup of block diagonal matrices of G, and Uy, the product
of the upper triangular unipotent subgroups.

Consider the Y, _ ,-representation XX defined in (2.9.24). Itsu = 1 and u = g spe-
cializations give, by the commutativity of the squares on the right in Proposition 2.9.18,

7 Gni 7 (G, Hn,-
X;I:I = IndﬁNl_ ®Inﬂ(xkl_ ® ;) and Xff = Ind%ELygi) ®Inﬂ(x,\i ® Vi)
l 1

where we regard [[; N; as a subgroup of N embedded by the same choice of indices as
for Y(,;) in Y4 _1 . Therefore,

Tu() = xi’- (29.25)

The character Xf\} € Irr(G : U) was defined at (2.7.7). Applying Dy, one gets, by
Proposition 2.9.23 and an inductive argument,

H#(G,U G H#(G,U G;
Dy(xg) = I“d%’EL,UZ) ® Dy, O, ® ¥i) = IndeEL,UZ) ® D, (X)) ® Vi
l l

— 1.17£(G,U) Hy,; _
= Ind%(L,UL) : X)»,' ® wl B
1

where we have used Proposition 2.9.18 and Proposition 2.9.6 for the last two equalities.
But this is exactly x Kf . So we may conclude by taking a second look at (2.9.25). O
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Remark 2.9.26. One can use this construction to give another proof of the splitting of
Ya.n (), together with a list of its irreducible representations parametrized by the set

Qin = {A:fd—>7? . Z |A(¢)|:n}

peCy

where Cy is the cyclic group with d elements.
Given a function A € Qg , we consider the set of pairs (¥, A;) with A(y;) = A; and
n; = |A;| adding up to n. Define

Y Ya.n;
XA T X)Li Wi

i

for the C[u*!]-algebra Y,y := &), Ya.n,, where XX fp‘” stands for the inflation of the

xHen fom (2.9.9),

Ay
i Y oY@ Y
The induced characters X'\ := IndY(n,~> w) YA

are (cf. [BC, Theorem 2.9]). We extend scalars to some finite Galois extension K/C(u)
so that Y, , becomes split. One can also extend the u = 1 specialization as in [GP, 8.1.6],
and KY , becomes isomorphic to K[C]; x &, ], being a deformation of C[C}} 1 &,]. The
specializations

are defined over C(u) since the X’ AH”

C"«S,
Xal = dp (X))
are all the irreducible characters of Cl; x &, as in Section 2.7.2 (by invoking again [Se,
§8.2, Proposition 25]). Therefore, Y, ,(u) is split semisimple and the XX form the full
list of irreducibles.

3. Counting on wild character varieties

3.1. Counting on quasi-Hamiltonian fusion products

Here we describe the technique we use to count the points on wild character varieties,
which was already implicitly used in [HV, HLV1]. The idea is to use the construction of
the wild character variety as a quotient of a fusion product and reduce the point-counting
problem to one on each of the factors. Then the counting function on the entire variety
will be the convolution product of those on each of the factors. This can be handled by a
type of Fourier transform as in the references above.

3.1.1. Arithmetic harmonic analysis. In carrying out our computations, we will employ
the technique of “arithmetic harmonic analysis,” which is an analogue of the Fourier
transform for non-abelian finite groups such as GL, (IF,). This is described in [HLV1,
§3], a part of which we reproduce here for the convenience of the reader.
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Let G be a finite group, Itrr G the set of irreducible characters of G, C(G,) the vector
space of class functions (i.e., functions which are constant on conjugacy classes) on G,
and C(G?*) the space of functions on the set Irr G. We define isomorphisms

Fo: C(Gs) = C(G®), F*:C(G*) = C(G,)
by

Fol )OO :=Zf(X)w FUF) @) = Y FOOx(@xx).

xeG x(e) xelr G

Note that these are not quite mutually inverse, but will be up to a scalar; precisely,
FoFe =G| 1c@,), FeoF*=|G|-lcge.-

It is clear that C(G,) is a subspace of the group algebra C[G]; it is not difficult to
verify that it is in fact a subalgebra for the convolution product *xg. We can define a
product on C(G*®) simply by pointwise multiplication:

(F1- F2)(x) :== Fi(x) F2(x)-
Then F, and F* have the important properties that
Folfi*g 2) = Fo(f1) - Fo(f2), |G| F*(F1 - F2) = F*(F1) x¢ F*(F2)  (3.1.1)

for f1, fo € C(G,) and Fy, F, € C(G*).

3.1.2. Set-theoretic fusion. Let G be a finite group, M a (left) G-setand u : M — G an
equivariant map of sets (where G acts on itself by conjugation). We may define a function
N :G — Zso by

N) == n ')l

The equivariance condition implies that m +— a - m gives a bijection u~'(x) <
wYaxa™') for a, x € G, and hence it is easy to see that N € C(G,).

Suppose M| and M, are two G-sets and w; : My — G and uy : M, — G are
equivariant maps, and let M := M| x M; and define u : M — G by

u(my, my) = py(mp)pa(ms).

Then since for x € G,

o=@ xuy' @,
aeG

a straightforward computation gives

1\7MZZVM1 *G NMZ' (312)
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3.2. Counting via Hecke algebras

Recall the notation of Section 2.1. Let V C G be a set of double H-coset representatives
asin (2.1.6). Letk € Z-g, x € G and

v= (v, wi,..., VU, W) € vk,
For h € H we set
NG, v) :={(a,ay,...,ar) € GxviHw H x -+ x vy Hwi H : axa”' = hap - - - ay}.
Often we will abbreviate A/ (x, v) := N7 (x, v). We are interested in the function
N:GxV* 57y, (x,v) > N, V). (3.2.1)
Proposition 3.2.2. One has

N(x,v) = |H|2k tr(xTy, * Ty, * -+ % Ty, x Ty ).
|Hv H|...|Hu H| : :

Proof. For h € H, we have bijections

N, v) & Ny(x,v), (@, ai,...,a¢1,a) < (ha,ay, ..., a1, ath™")

and hence [N (x, v)| = [N} (x, v)|. From this, we get

1
> Nk, vl

NG, v) = —
“ =T &

On the other hand,

Z(HH %G Loy Huy H %G -+ *G Ly o, 1) (@xa™)

aeG

=Y TuM oty st #G -+ %6 Ty ) (B axa™)
aeG heG

=Y (o rwnti %G -+ %6 Ty ) (B axa™) = Y ING(x, v)l.
heH aeG heH

Hence
1 —1
NG¥) = o > (U #6 Doyt %G -+ %G Ly ) (@xa™ ). (32.3)
aeG

Therefore, if we set
ov =1y *¢ ly,guw B *G - - *G Ly Hur H
then Lemma 2.6.5 applied to (3.2.3) gives us

N(x,v) = tr(xgy). (3.2.4)
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To compute ¢y in (G, H) we need

Lemma 3.2.5. For v, vi, w; € V, one has

2
(@) |[HNv 'Hy| = %

2
®) To %6 Ton = e Lo = Tao %6 Tn;
©) Ig *¢ Ly muw g =gy, *6 THw B3
D Ly mw # *6 Ig = |H| Ly, gw, H-

Proof. One finds in [I, §1] a bijection (H N v~ 'Hv)\H < H\HvH given by
(HNv 'Hv)h —> Hvh.

This quickly yields (a).
Now we let x € G and evaluate

T 6 L) () = Y TaWlyg(h'x) = Y Tp (' x).

heG heH

If x ¢ HvH, then h~'x ¢ vH forany h € H, and so the above is zero. On the other
hand, if x = hgvh for some hg € H and h € H, then the above evaluates to

|H|?

l{he H:h"hovhe vH}|=|{he H:v 'hve H}|=|HNv 'Hv| = ,
|HvH|

with the use of (a) for the last step. The second equality in (b) is proved similarly.
For (c), we have

Wrtvy %G Tty 1)) = Y Loy @U@ ') = Loy (o) Ty, (07 'h™ ')

acG acH
=Y Ta Ty sy (h™'x) = (g %6 Loy 1) (X).
heH

Finally, for (d) we compute

Moy w1 %6 1) () = Y Ty (@™ V(@) = Y Ty (xh™")

aeG heH
= ZHUIHU)IH(-X):|H|HU1HU)1H- o
heH

We can conclude the proof of Proposition 3.2.2 by noting that

|[Hw H |
Iy *6 Ly, Hw # = 1w, *6 lHw H = W]IHM *G Iy *G Ly 1
|Hw H| |H|
= W]IHW *G Iy *6 Iy %6 Ly, w = mHHmH *G Lgw 0
H 2
Ll % Ty, (3.2.6)

=—T,
|Hv H| "'
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using [y = %, (2.1.9) and the relation between the two different products xg and
explained in Remark 2.1.8. Thus, by Lemma 3.2.5(d) and (3.2.6),

1
Yy = WHH *G Ly,Hw # *6 I *G LyHw, v %G -+ *6 1n *G Ly, Huw  H
2%
|H|

~ |Huv H|... |HuH|

Ty, % Ty, % - % Ty, x Ty

This and (3.2.4) imply Proposition 3.2.2. O

Remark 3.2.7. When k = 1 and v; = 1, Proposition 3.2.2 gives a character formula for
the cardinality of the intersection of conjugacy classes and Bruhat strata and appears in
[L, 1.3.(a)]. In fact, the computation there is what led us to Proposition 3.2.2.

3.3. Character values at the longest element

From now on we will let G, T, B, U and N be as in Section 2.3. We need to compute
certain values of the characters of .77 (G, U).

Remark 3.3.1. Let (V, m) be a representation of Y4 ,(u), and fix i € [1,n — 1]. The
element ¢; is the idempotent projector to the subspace V; of V where h; h;Ll1 acts trivially
and there is a direct sum decomposition V = V; @ W;, where W; := kere;. Lemma 2.4.7
shows that this decomposition is preserved by T;. Over V;, the endomorphism T; satisfies
the quadratic relation

Tily, =u-1+ @ — DTy, (3.3.2)

whereas over W; it satisfies
Tily, =u”-1. (3.3.3)

Theorem 3.3.4. For X € Irr Yy ,(u) the element Tg acts by scalar multiplication by

x =ul¥ (3.3.5)

where fy = (;) (1 + i’?.(((f))) and w € N is any of the w; from Theorem 2.4.3 (all such are
conjugate). In particular, on specializing to u = q, the central element Ta%o e (G, U)

acts by the scalar ¢/ .

Proof. Let (V, ) be an irreducible representation affording X. In the notation of Re-
mark 3.3.1, (3.3.2) shows that the possible eigenvalues of T;|y, are u and —1, and (3.3.3)
shows that those of T;|w, are £4/u, +i/u. Thus,

X(T;) = mfﬁ — mf«/ﬁ—i—m?i«/_ — mlei u — mo + mau

+ — @ e . . . e .
where m}", m, m{’, my, mo and m; are the respective multiplicities of \/u, —/u, i/u,
—is/u, —1 and u as eigenvalues of T;.
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Since X (T;) € Clu™'], we know mT =m; =:m and m? = mle =:mj7, and so

X(T;) = —mo + mau, (3.3.6)
dimV = X(1) = 2m; + 2mS + mg + ma, (3.3.7)
detr(T;) = (=)™ (V)™ (=)™ (i /)" (=i /)" Tu™

= (= )ymotmymitmitmy (3.3.8)

Since T% is central, Schur’s lemma implies that it acts by scalar multiplication by some
zx € Clut']. Letiy, ..., i(g) be as in (2.4.4). Taking determinants we find

G = detm(T§) = det(r (T, -+ Ty ))* = detm (T))"" ™V (3.3.9)

forany 1 <i <n — 1 since the T; are all conjugate (Lemma 2.4.8).
Now, under the specialization # = 1, T; maps to w; and so (3.3.6) gives

X1 (w;) = —mo + my. (3.3.10)
Substituting (3.3.8) into (3.3.9) gives
Zgi(mV _ u(;)(2m1+2m‘;+2m2) _ M(;)(2m1+2m<;+mo+mz—mo+m2) _ u(’g)(/’\.’(l)+é\,’1(wi))’
where we use (3.3.7) and (3.3.10) for the last equality. Taking X'(1)th roots, we find
zy = Cul¥

where ¢ is some root of unity and fy is as in the statement (recall that Xj (1) = X' (1)).
It remains to show that { = 1. We do this by specializing # = 1. We note that in this
specialization 91(T%) = 002 =1 € C[N]. Then

tX (1) = 0,(X(TH) = X1 (61 (TF)) = X1 (1)
by (2.9.3), and thus ¢ = 1. ]
Remark 3.3.11. For X = X, A € O, by Remark 2.9.16 and Theorem 2.9.5 we have

n X1 () n X%I(w)> (n) ( x}f(s))
P { _ T S 1 33.12
fai=Jx <2>( " X(l)) (2)< o) T\ aw) G4

with s € N any transposition.

Remark 3.3.13. With the modern definition of Y4, (as in Remark 2.3.3) one can also

define the element Ty, = T_y,-] ...Tsi(n) for any factorization wy = s, ...s; o of the
2 2

longest element of G,,, as in (2.4.4). By the argument in Lemma 2.4.6 we see that T%O
is also central. For a A € Qg , (as in Remark 2.9.26) and its associated irreducible
representation of Y, , (1), the same argument as for Theorem 3.3.4 proves that Tfo acts
by scalar multiplication by u/2 (as in (3.3.12)).

Therefore, this T%O corresponds to our T%.
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Lemma 3.3.14. Let A € Q, and fa = fx, be asin (3.3.12). Then

fa= <Z) +n(A) = n(A), (3.3.15)

with the notation of (2.7.4) from Section 2.7.1.

Proof. If & € P, and st € Irr &, is the corresponding irreducible character of G,, and
s € G, is a simple transposition then by [FH, Exercise 4.17(c)] or [F, §7 (16.)],

& 20D & ((biﬂ) . (ai+1))
1) = o ; X ) (3.3.16)

where the a@; and b; are the number of boxes below and to the right of the ith box of the
diagonal in the Young diagram of A. By writing j — i in the box (i, j) and computing the
sum in two ways we see at once that

() () mre oa

i=1

From this and (3.3.16), we get

&
n X0 () _(n "N
<2) (1 + —XAG(I)) = <2) +n(A) —n(d).

It remains to prove the analogous formula for ij € IrN with A € Q.

Since we are working in N, we will omit the superscript and simply write xA. The
description of the character x5 was given in Section 2.7.2 and in particular by the induc-
tion formula (2.7.8). We will use the notation established there. We will make the further
abbreviations N(y) := T x Staby = [[; N; and

N N;
=Ry, € N,
i

x = xS @@ xS e lr(Stab y) = Ie(S,, x -+ x G,,).

In this notation, x5 = Indg(w) Xf(w).
Let us evaluate x at any transposition o € G, < T x &, = N. Since

NP = V(1) and [N:TxStaby] =[S, : Staby]

we have
xa(l) = x¥ (D[S, : Stab y]. (3.3.18)

Throughout the remainder of the proof, we will write g = &7 € T x G,, = Nfora
general element of N. By (2.7.8) we have

1 N(Y)
@) =——c—— Y xx " (0) (3.3.19)
IT % Stabd/l g€T xStab ¢
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where XII:W’) is extended by 0 outside of T x Stab ¢, and
S0 =gog ' =t = . TD¢ETY L (o).
Note that "o € &, and hence ©?) (1) € T. When ("o') € Stab ¢ we have
yE. TP =y@v ¢ =y ¢ h =vEevEH =1

Then
N _ xf(”a) if 7o € Stab v,
o otherwise,

and (3.3.19) becomes

__ b x v
xa(o) = Stab v ] nesim;w Y (o) _IndStaw,(XA)(o).

Since o is a transposition, the latter can be computed as

1 4
(a(0) = o Z(}(g(na)nxg(l))“n € 6, : "o isin the jth factor}|.
Stab | = i£j (3.3.20)

The quantity in the summation is the order of the stabilizer of the set of transpositions s
in the jth factor of Stab s = &, x --- x &,,, acted upon by &,,. It is thus equal to

(=)

(n)xA(o)_ Sl i(n,)Xx,(sf
2) xV)  IStaby| o)

/:

and (3.3.20) becomes

where s; € &, is any transposition. By (3.3.18) this becomes

n\ xa(o) k XA (5))
()es=2(2) 5

and finally by (3.3.16) and (3.3.17) this becomes

" XA(O) = 3 / ) — / —
(2) xa(D) ‘J;”W)—”W) = n(A) —n(A),

from which (3.3.15) follows. O
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3.4. Counting at higher order poles

Forr € Z.p,v € T and g € G let us now define
Ny(@ = {@ 81 85 S0, 820 € G x UL x UL

.
aga™' =v l_[(SZ(r+17i)SZ(r7i)+1)”
i=1

where Uy := Uand U_ := U_(F,), U_ being the unipotent radical of B_, the Borel
opposite to B.

Theorem 3.4.1. We have

Nj@) = Y x8@xx (Tg' /™. (34.2)

AeQy
Proof. Recall that the multiplication map T x U_ x U} — G is an open immersion and
that U_ = woU;wy, so that every element of wgUwoU has a unique factorization into a

pair from U_ x U, and similarly for vwgUwoU and vU_ x U,. Thus, it follows that

Ny(g) =N(g. V)

where v = (vy, wy, ..., vy, w,) with v = vwg, v; = wgy fori > 1 and w; = w for all i.
So by Proposition 3.2.2 we have

NI =N@ V=D x§@XX Towy * Ty x T2 = Y xS (TyxT2).
A€Q, AeQ,

Theorem 3.3.4 states that Tjo acts by the scalar ¢/ in the irreducible representation
corresponding to A, and the result follows. O

3.5. Values at generic regular semisimple I, -rational elements

Here we compute our count function in the case when v € T™%, i.e., when v has distinct
eigenvalues.

Proposition 3.5.1. Let v € T™8. Then

G G Griva
M@= XA_(@(qrfA XA<v>IG|)xA(1>

A3, Xa ) x$y /Gl
G G G(1y2
= 2. X%(g)<qrfAXAgv)|G|)XA(l) (3.5.2)
sSetrg XA (D) xa (D |Gl

where the first sum is over the characters X/C\i € Irr G defined in 2.7.1 for functions
A € Q,, while the second sum is over all irreducible characters parametrized by A :
' — P of size n.
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Proof. Forv € Tand g € G set
N2(g) := |{(a,u) € G x U :aga™" = vu}|/|U|. (3.5.3)

Then as in the proof of Proposition 3.2.2 we compute

Ny (g) = ZZI{(a ) € G xU:aga™" = hvu| = 2Z(HU*GHUU)(080 h
|U| heU |U| aeG
|U|ZHUUU<aga )=t@Ty) = Y xX x5 (@)

aeG AeQ,

using UN vUp~! = U.
As v has different eigenvalues, every matrix in the coset vU is conjugate to v and
hence

{(a,u) € GxU:aga ' =vu}| = [U||{a € G:aga™' = v}| = |U||Cc(v)| (3.5.4)

if g is conjugate to v and zero otherwise, which yields

Yo oxS@= Y xSwxw. (3.5.5)

AeQn XGEII’TG

Since this is true for every g € G, we conclude

XA%&(U) if x© —XA for some A € Q,,

xS = (3.5.6)

0 otherwise.

Now the first equality in Proposition 3.5.1 follows from Theorem 3.2.2, and the second
follows as x 7 G(v) = Ounless A € Q,,. m]

3.6. Counting formulas for wild character varieties

Fori =1,...,kletC; C G be a semisimple conjugacy class with eigenvalues in ;. As
usual, I¢, : G — C will denote its characteristic function. Fix g € Zx¢ and define D :
G — Cby D(g) = |u~"(g)|, where i : G x G — G is given by (g, h) = g~ 'h~'gh.
Finally, letm € Z>o, fixr = (r1,...,rm) € ZZ ), foreachi = 1,...,m fix v; € T™® and
consider the count function NZ; :G—> C.

With this notation we have

Proposition 3.6.1.

D*G8 xg Ig, - - *c I, *G Nv1 *G - Nrk(l)

3 (ﬂ)%ﬁ(x(c DIC; |>
wema X/ g x @

ﬁ( ,fxx(v,-)|G|>x<1>2
x() ) IGl

i=1
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Proof. Recall that for a conjugacy class C we have the characteristic function

C] — x(2) (X(C)ICI) x(1)2
1 = — C) = . 3.6.2
c(®) G| XEIHGx(g)x( ) XEEIHG <O\ (D) G ( )
By [HLV1, Lemma 3.1.3] we have
x(g)< [€] >2x(1)2
D = . 3.6.3
® X;m xO \xm) 6] (5.6.3)

Combining Proposition 3.5.1, (3.6.2) and (3.6.3) with the usual arithmetic harmonic anal-
ysis of §3.1.1 we get the conclusion. O

From this we have our final count formula:
Theorem 3.6.4. With notation as above let (Cy, ...,Cp) be of type p = (1, ..., hm)

€ P Let (C1,...,Cp,v1,...,0) be generic and p = (1, ..., wm, (1), ..., (1))
be its type. Finally, denoter = ry + - - - + ry. Then

g1 . -
G 27 el - xa T, %6 Nijva -+ w6 N (1) = ¢ Hy (g%, 4717,

Here, “generic” is in the sense of Definition 1.2.9, which has an obvious analogue over
an arbitrary field.

Proof. Denote Cpq; = C(v;); then |C(v;)] = |G|/|T| as v; € T8, Furthermore let
r =r1 + ---+ rr. This way we get

-1
|g}| Tk D*G8 xg Ie, - xg I¢, *G N;} *G * - *G NZ:(])
—1 1G]\ {2 (X CDICHN 25 ( i p, x@DIGT - % (1)?
- = ( <1>> M=o ) =0 m) 5
xelrG \ X j=1 X i=1 X
~1 Gl \ 2 (X (CHIC % (1)?
> qrfx< (1)> M=o )6 (3:63)
xelnG X j=1 X
As (Ct,...,Cn, Cpst, - -+, Cyi) 1s assumed to be generic, we can compute exactly as in

[HLV 1, Theorem 5.2.3]. The only slight difference is the appearance of ¢’/x. We observe
that the quantity fa in (3.3.15) behaves well with respect to taking Log, and the same
computation as in [HLV1, Theorem 5.2.3] will give Theorem 3.6.4. O

Remark 3.6.6. In the definition of Hj ,(z, w) in (0.1.2) we have a sign (—1)"" on the
LHS and (—1)" on the RHS in (0.1.3). As fi contains the partition (1"), one will not have
to compute the plethystic part of the Log function to get Hj ,(z, w) and in this case the
signs on the two sides will cancel. That is why there is no sign in (3.6.5) in front of ¢'/x.
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4. Main theorem and conjecture

4.1. Weight polynomial of wild character varieties

Letp € Prandr e 7. Let ME"" be the generic complex wild character variety defined
in (1.2.4). Here we prove our main Theorem 0.2.1.

Proof of Theorem 0.2.1. The strategy of the proof is as follows. First we construct a
finitely generated ring R over Z, which will have the parameters corresponding to the
eigenvalues of our matrices. Then we construct a spreading out of Mg ‘" over R. We finish
by counting points over [F, for the spreading out, find that their number is a polynomial
in g, and deduce that it is the weight polynomial of Mg " by [HV, Appendix A].

As in [HLV1, Appendix A] first construct the finitely generated ring R of generic
eigenvalues of type i, where

,1 = (I“Ll’ ~--v“’ka (11’!)’ R (1")) € P}’]f—‘rm‘

In particular, we have variables {a;} € Rfori =1,....,k+mand j =1,..., l(ui)
representing the eigenvalues of our matrices. They are already generic in the sense that
they satisfy the non-equalities a}l #~ a}z when 0 < j; < j» < I(ft') and the ones in
(1.2.12).

Generalizing [HLV 1, Appendix A] we consider the algebra .A( over R of polynomials
in n2(2g + k + m) + r(n® — n) variables, corresponding to the entries of n X n matrices

Al,...,Ag; By, ..., Bg; X1, ..., X, Cy, ..., Cy

and upper triangular matrices S’ i1 and lower triangular matrices Sé ; with 1 on the main
diagonal fori = 1,...,mand j =1, ..., r; such that

detAq,...,detAy; detBy,...,detB;; detXy,...,detX

are inverted.
Let I, be the n x n identity matrix, and let & be the diagonal matrix with diagonal

elements a’i+k, el affk fori = 1,...,m. Finally, for elements A, B of a group, put

(A, B) := ABA™'B~!. Define 7y C A to be the radical of the ideal generated by the
entries of

(A1, B1) -+ (Ag, B) X1+ XiCy €18y, -+ S{C1---Cp &Sy - ST'Coy — I,
Xi—ayl) - (Xi —ap L), i=1,....k
and the coefficients of the polynomial
li L
det(tl, — X;) — [ [t — @)’
j=1

in an auxiliary variable ¢. Finally, let A := Ao/Zy and %, := Spec(A), an affine R-
scheme.
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Let ¢ : R — Kbe a map to a field K and let ?/f r be the corresponding base change
of %y x to K. A K-point of 02/,? ¢ 18 a solution in GL, (K) to

(A1, B)) - (Ag, Bg)X) ...Xkcl—lgf’szlrl ...Sllcl ...Clglg;ﬁgglrm e SPCy =1
4.1.1)

where X; € C? and C? is the semisimple conjugacy class in GL, (K) with eigenvalues
p(a).....p(})
of multiplicities Miv ey /di, and éf’ € T™8(K) is a diagonal matrix with diagonal entries

P @, . gty

By construction (Cd), el C,‘f, Efb, el &,‘5) is generic.
Finally, G = GL, x Tk acts on Wy r via the formulae (1.2.2). We take

My r = Spec(.Ag(R)),

the affine quotient of %), » by G(R). Then for ¢ : R — C the complex variety //,f,r
agrees with our M%™" and thus My v is its spreading out.
We need the following

Proposition4.1.2. Let ¢ : R — K be a homomorphism to a field K. Then if
A, B, X, Cy € GL,(K), and a solution to (4.1.1) representing a K-point in U,‘f,r is
stabilized by

(3, X1, -, Xm) € G? = G ®4 K = GL,(K) ® T (K)",

then

y=x1="--=xn € Z(GL,(K))
is a scalar matrix. Equivalently, if D = {\1I,, ..., A} < G? is the corresponding sub-
group then §¢ := G?/D acts set-theoretically freely on U;f)r.

Proof. By assumption
xeCoy ™! = Cy, (4.1.3)

thus the matrices y, x1, ..., X, are all conjugate and split semisimple. Let A € K be one
of their eigenvalues and V; < K" be the A-eigenspace of y. Then by (4.1.3), Cy(Vy) € K"
is the A-eigenspace of x,,. As y commutes with all of A;, B;, X;, we see that they leave Vj,
invariant. While x, commutes with S¥ and &, they leave C,,(V}) invariant or equivalently
Cy 1Sl‘-" Cyand C e, Cy leave V, invariant. As S§¥ is unipotent,

det(C 'S Cyly,) = 1
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and the determinant of the equation (4.1.1) restricted to V,, gives
k m
[ [detxilv) [ detalv) = 1.
i=1 a=1

By assumption (C¢, el C,?, f;‘f’, R §$) is generic. Thus, from (1.2.10) we get V;, = K".
[m}
Let now K = F; be a finite field and assume we have ¢ : R — F,. Because G is con-

nected and E(K) acts freely on 9/,? r» by similar arguments to those in [HLV1, Theorem
2.1.5], [HV, Corollaries 2.2.7, 2.2.8] and by Theorem 3.6.4 we have

s,

#A () = #G(F,)
q

= q%rH, (q'*, q7 ).

As by construction ]H[,z,,(ql/z, q_l/z) € Q(g) and #///,f,r(IFq) is an integer for all prime

powers g, we get #.4, ,fr(Fq) € Qlg]. Katz’s Theorem 1.1.1 applies, which together with
the combinatorial Corollary 4.2.5 finishes the proof. O

We have the following immediate
Corollary 4.1.4. The weight polynomial of /\/lg T is palindromic:
WHMET, q, —1) = ¢ WHME " 1/q, —1).

Proof. This is a consequence of Theorem 0.2.1 and the combinatorial Corollary 4.2.5
proved below. O

4.2. Mixed Hodge polynomial of wild character varieties

In this section we discuss Conjecture 0.2.2. First we recall the combinatorics of various
symmetric functions from [HLV1, §2.3]. Let

AX) = ARX, ..., X;)
be the ring of functions separately symmetric in each of the set of variables
X; = (X1, X%2,...).
For a partition A € P,, let
s (X)), mau(xi),  ha(xi) € A(xg)

be the Schur, monomial and complete symmetric functions, respectively. By declaring
{55 (Xi)},.ep to be an orthonormal basis, we get the Hall pairing (, ), with respect to which
{m) (xi)}rep and {h; (X;)},cp are dual bases. We also have the Macdonald polynomials
of [GH], ~ 3
Hy(g.0) =Y Kuyusu(x) € Ax) ®zQ(q, 1).
uePpy,
Finally, we have the plethystic operators Log and Exp (see e.g. [HLV1, §2.3.3]).
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With this we can define for u = (,ul, R uk) € 73,]; and r € Z. the analogue of the
Cauchy kernel:

k
QA @ow) =Y H @w) [ [HGEE whix) € A, . x0) 97 Q(z, w),
rEP i=1

where the hook function Hf’r (z, w) was defined in (0.1.3). This way we can define

Hyr(z, w) = (=1)" (2% = (1 — w)(Log(" (2, ), 7yt (X1) ® + -+ ® Iy (1)),

which is equivalent to the definition in (0.1.2).
We have an alternative formulation of the polynomials Hy ,(z, w) using only the

Cauchy functions Qi O forr = 0, which we learnt from F. R. Villegas.

Lemma 4.2.1. One has

Hyr (2. w) = (2= 1)(1 —wz)(LOg(fo, (z, w)), hy (X)®s1m) (Xk1-1) @ - - @S5 (1my Xk 1)) -

Proof. Recall [HLV3, Proposition 3.1, Lemma 3.3] that the operation
F > [F] = (= 1)"(F, 50m (%))
for F € A(X) ®7z Q(z, w) commutes with taking the Log, i.e.
[Log(F)] = Log([F]). 4.2.2)

We also have
(Hy(q, t; %), sam(x;)) = "D g" ),
which is [GH, I.16]. This implies

.0 .
(—1)m<9f+r(z, W), sm K1) ® + -+ ® s1im) (Xer)) = QF (2, w).

In turn (4.2.2) gives the result. ]

We can now recall Conjecture 0.2.2, which predicts the mixed Hodge polynomial

WHME™: ¢, 1) = (qr*)"rHg (q'%, —¢~ 171, (4.23)
where again jt = (u', ..., 1k, (1M, ..., (M) € P,lfJ”" andr = ri+- - -+ry,,. Here we are
going to list some evidence for and consequences of this conjecture. The main evidence
for Conjecture 0.2.2 is naturally Theorem 0.2.1 showing that the t = —1 specialization

of (4.2.3) is true.
The first observation is the following

Lemma 4.2.4. H, (z, w) = Hy r(w, 2) = Hy r(—w, —2).
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Proof. As the Macdonald polynomials satisfy the symmetry

Hy (w?, 2% %) = Hy (22, w?; x)
with A/ the dual partition, and the hook polynomials satisfy ’Hf’r(z, w) = Hf’r(w, 7) =
’Hf’r (—w, —z), the result follows. O
An immediate consequence is
Corollary 4.2.5. Hy (q'/?,¢7 /%) =Hy r(¢7"2, q'/%).
Conjecture 0.2.2 and Lemma 4.2.4 imply the following curious Poincaré duality:
Conjecture 4.2.6. WH(ME"; g, 1) = (qt) - WH(ME"; 1/(qt?), 1).
Next we have

Theorem 4.2.7. Let g = 0,k =0, m = 1, | = 1 and n € Z,. Then M5 = ¢,
Hence, in this case Hny 1 (z, w) = 0. In other words, in this case Conjecture 0.2.2 holds.
Proof. AsTxU~ xU" — G givenby &, S, S — £S515, is an embedding, £;515, = 1
implies & = 1 ¢ T8, showing that Mg’l =0.
As samy = Y sep, K{jnyhn, by Lemma 4.2.1 we get
Hiny,1(z, w) 0,1

— " = (=1)"(Log(2:" (z, ,hany (x

- —wd) (=1)"(Log(§2y" (z, w)), han (X1))
= (Log()""(z. w)). hany(x1) ® (1) (x2))
= > K (Log(@3° (2, w)). hm (x1) ® hy (x2)) = 0.

rEP,

The last steps follows from [HLV1, (1.1.4)], the orthogonality property of the usual
. 0,0
Cauchy function €2, O

After the case in Theorem 4.2.7 the next non-trivial case is when g = 0,k =1, m = 1,
r=1and g = () € P,. The corresponding wild character variety Mg‘ )M s known
from [B4, Corollary 9.10] to be isomorphic to a tame character variety Mg where

W= -1D,... @0—-10Du)epPH
withn' =n — py and @' = (uz, u3,...) € P,. Combining Boalch’s Mg‘)’(l) = Mg/
with Conjecture 0.2.2 we get the following combinatorial
Conjecture 4.2.8. With the notation as above, H, (17)),1(z, w) = Hy (z, w).

Remark 4.2.9. In a recent preprint [Me, Corollary 7.2] Anton Mellit gives a combinato-
rial proof of this conjecture. From our results we see that Theorem 0.2.1 and [B4, Corol-
lary 9.10] imply the + = —1 specialization

Heuami(@2 g7 =Hu g2, 7).

When n = 2 we will check Conjecture 4.2.8, as well as our main Conjecture 0.2.2, in
some particular cases in the next section.
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5. Examples when n = 2

In this section we setn = 2, g € Zzo, k+m > 0, r = (r1,...,ry) € Z), r =
ri+---+ryand p = (1), ..., (1%) € Pp. Conjecture 0.2.2 in this case predicts that
the mixed Hodge polynomial WH (./\/lg T g, 1) is given by

(@1 + D" (g% + (1 + q0)*
(@22 = D(g%* = 1)
2k+m—l(qt2)2g+r—2+k+m(qt + 1)4g
- (@ — D(g2 = 1)
N 172 (12282 =2km (g 4 Yk (a2p 4 )28 (1 4 g1)28
(> — D> -1 '

Note, in particular, that the formula depends only on k + m and r.
By Theorem 0.2.1, substituting t = —1 gives

(q1*) " Hz (g™, —(qtH)"?) =

5.1.1)

WH(Mg™"; ¢, =1
— (q + 1)k+m(q2 _ l)zg—2(q _ 1)2g _ 2k+m—1q2g+r—2+k+m(q _ 1)4g—2

+ q2g+2r—2+k+m(q + 1)k+m (q2 _ 1)2g—2(q _ 1)2g‘ (512)
Fix now g = 0 in the remainder of this section. Then from (1.2.14) we get
dim MET =4k —2) =2k +2(m +r) +2=2(k +r +m) — 6. (5.1.3)

When k + r + m < 3, the moduli spaces are empty and the corresponding formula in
(5.1.1) gives indeed 0.

Whenk+m+r =3, wehavek =0, m =landr =2,ork=m=r=1,ork =3
and r = m = 0. In these cases we get 1 in (5.1.1). This corresponds to the fact that the
moduli spaces are then single points, as they are 0-dimensional by (5.1.3) and we have

WHME g, —1) =1
by (5.1.2). In particular,
H12),12)),1 (2 w) = 1 = H(12) 12) 12)) (2, w),

confirming Conjecture 4.2.8 when n = 2.

Finally, when k + m + r = 4, the moduli spaces are 2-dimensional from (5.1.3). In
the tame case when k = 4 and m = 0 we get the familiar ﬁ4 case discussed in [HLV1,
Conjecture 1.5.4] with mixed Hodge polynomial

2 2 2 2
WH(MSI ), (17),(19),(1 )), q, t) =1 +4qt2 +q2t2.

2 2 2 2
In fact, the corresponding Higgs moduli space M](D(;l (19, (5,A%)

in [Hau] and has the same perverse Hodge polynomial.

served as the toy model
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We have four wild cases with k + m +r = 4. Whenk = 2 and m = r = 1, the
formula (5.1.1) predicts

2 2
WHM T g 1y = 14 3g1% + g% (5.1.4)

We can prove this by looking at [VdPS, p. 2636] and read off the wild character variety of
type (0, 0, 1) given as an affine cubic surface f(x1, x2, x3) = 0 with leading term xjxx3.
By computation we find that f has isolated singularities, and the leading term has isolated
2 2
singularities at infinity. Thus [ST, Theorem 3.1] applies, showing that Mgl - hag
the homotopy type of a bouquet of 2-spheres. In particular it is simply connected and
2 2
there is only one possibility for the weights on H 2(./\/11(3(1 (1. (1) ) to give the weight
polynomial
2 2
WHMg "D g —1) = 143g + ¢,

which we know from (5.1.2), namely the one giving (5.1.4).
When k = 1, m = 1 and r = 2, the formula (5.1.1) predicts the mixed Hodge
polynomial

2
WHM @ g 1) = 1 4+ 2g1% + g2 (5.1.5)

This again can be proved by looking at [VAPS, p. 2636, case (0, —, 2)]; we get an affine
2
cubic surface with leading term x{xpx3. Again [ST, Theorem 3.1] implies that M 1(31 )2

2
is homotopic to a bouquet of 2-spheres, thus the only possible weight on H 2(/\/11(31 )‘(2))
to give the known specialization

2

is the one claimed in (5.1.5).
When k£ = 0 and m = r = 2, we again get a cubic surface [VdAPS, p. 2636, case
(1, —, 1)] and thus the same

WHMg ®?; 1) = 1+ 291> + ¢,
which we can prove exactly as above.
Finally, when k = 0, m = 1 and r = 3 we get

WHMg P q,0) = 1+ 1> + ¢,

Here the same argument applies using the explicit cubic equation in [VdPS, p. 2636, case

(_5 T 3)]
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