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SYZ mirror symmetry for Hitchin systems

@ C smooth, projective, complex curve
@ G complex reductive group; GV its Langlands dual
e.g. PGL) = SL,
@ (Hitchin 1987) (Simpson 1992):
Mg moduli space of semi-stable G-Higgs bundles (E, )
e E principal G-bundle
o ® e H(C; ad(E) ® Kc) Higgs field
o hg : Mg — Ag = Spec(C[Mg]) Hitchin map
proper, completely integrable Hamiltonian system
i.e. fibers Lagrangians with respect to symplectic w € Q?(Mg)
@ 1 hyperkéhler metric (Mg, J) =Mpr(G) moduli flat G-bundles
@ (Hausel-Thaddeus 2003) G=PGL, (Donagi-Pantev 2012) Y G

Mpr(G) Mpr(GY)
k hGV
Ag = Agv

dual special Lagrangian fibrations & SYZ mirror symmetry



Topological mirror symmetry

@ (Hausel, Thaddeus 2003) topological mirror symmetry:
Est(MpcL,) = Est(MsL,) stringy Hodge numbers agree
proved forn =2,3
"topological shadow of equivalence of derived categories of
coherent sheaves”

@ (Hausel 2013) ~» proposes attack on topological mirror
symmetry using (Ngd 2010)’s techniques on the cohomology
of the Hitchin fibration in his proof of Langlands-Shelstead
fundamental lemma

o (Gréchenig, Wyss, Ziegler 2020) prove topological mirror
symmetry for all n using p-adic integration

o (Gréchenig, Wyss, Ziegler 2020) reprove (Ngb 2010)’s
geometric stabilisation with p-adic integration

@ (Maulik, Shen 2021) prove topological mirror symmetry using
(Ng6 2010)’s techniques



(Classical limit of) Homological mirror symmetry

o (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang-Mills

HMS KW
8 D8, (Mor(G) " Fuk(Mog(G")) "€ DB, pq(Buncy)
i/l_)o CLHMS =0
S D(?Oh(MG) = Coh(MGV)

GLC
Qo ~ Dcoh(MDR(G)) = DD mod(Bungv)
Geometric Langlands Corr. of (Beilinson-Drinfeld, 1995)
o (Donagi—Pantev 2012) explain classical limit of HMS:
CLHMS
S: Dcoh(MG) goh(MGV)

generically as Founer Mukai transform

D2, (hg'(a)) 2 DE,,(hg'(a)") = DL, (hg!(a))



Enhanced mirror symmetry in the classical limit

o (Kapustin-Witten 2007) introduce enhancements
@ propose branes of type (B,A,A) to be mirror to (B,B,B)
o (B,A,A) branes: complex Lagrangians on (Mg, w)
(B,B,B) branes: hyperholomorphic vector bundles in Mgv
@ propose t’'Hooft and Wilson operators; in the classical limit:
HL Coh(/\/(g) - Dcoh(MG) Hecke operator (B,A,A)
We: D coh Mav) — Dcoh(MGV)
F - F ®pu(EY)e
¢ € C;u € X (G) = X7 (G) dominant cocharacter;
pu: GY — GL(V*) u-highest weight representation;
EY universal GY-bundle on Mgv x C
o intertwine S: H5 0 S = So W
o testfor Oy, € D2, (Mgv):
He (S(Omg.)) = He Oy ) = S(We(Omg ) = S(ou(EY)e)
@ “mirror of universal bundle in irreducible representation =
Hecke transformed Hitchin section (= W)”
° ?{é‘(OWJr) union of Lagrangian upward flows

Wilson operator (B,B,B)



Lagrangian upward flows in M

o M := Mpgr, 3 (E,®); ® € Endp(E) ® Kc
h: M - A= H°(Kg)><---><H°(Kg)
(E,®) & det(x — ®)
o C*CMby (E,®) — (E, A®); semiprojective:
@ M projective
@ lim,_ AE exists for every & e M
0 e M~ WS = {F € M|lim,0 AF = &} upward flow
@ (Bialynicki-Birula 1973): Wg c Mlocally closed = TgM
0 1*(w) = dlw~> WJ c (M, w) is Lagrangian
0 M= lgepex Wy
o &e M™ very stable & W closed & hly; - Wy — A proper

Hitchin map

@ Motivating Problem: find coordinates s.t.
- Y Vas
hg := h|W; WS - A

becomes explicit!



Examples of very stable Higgs bundles

°© Ep:=0coK;'---aoK.™"
° a=(ap....an) e A=H(KZ) x---x H(K})

00..0 an
10.. 0 ap 4

o &, = :
a 0..10 ap
0..1 0

0 &y = (Eo, dg) € M®" canonical uniformising Higgs bundle
o upward flow W," = {(Eo, ®a)}a Hitchin section = very stable
0 ceC, Ex:=0coK; oK (). KI™(c),

k

0.0 .0
1.0 .0

sc € H(Oc(c)), Pk :[0 o] Ex — ExKc

0 .. 10

) : Ey = EpKc companion matrix

Theorem (Hausel-Hitchin 2022)
&k := (Ek, ®k) is very stable.

@ proof by noticing W, := W = Hg* (W)
wgk kth fundamental character of SL,, minuscule



Hitchin map as spectrum of equivariant cohomology

@ G complex reductive; EG — BG universal principal G-bundle;
Hg, :=H*(BG;C) = C[t]V¥

o GC X variety; Xg := X x EG/G Borel quotient;
H;(X; C) := H*(Xa; C) equivariant cohomology H;,-algebra

@ equivariantly formal < Hj(X;C)o = H*(X; C) & H;(X) is free
over H, = Spec(HZ'(X; C)) — Spec(HZ") = t/W is proper

Theorem (Hausel, 2022)

The Hitchin map on the minuscule upward flow W;“ is modelled on
spectrum of PGL,-equivariant cohomology of the Grassmannian

W;r - Spec(HggLn(Gr(k, n),C))

hel 2 l
A > Spec(HgaLn)

y

@ proof by fixed point scheme in Gr(k,n) = Gr** affine Schubert
o ~> multiplicity algebra C[h,'(0)] = H**(Gr(k,n); C)
(Hausel-Hitchin 2021)



Universal bundle of Kirillov algebras

@ X’ (G) > p-highest weight rep. p, : G — GL(V¥)

@ Kirillov algebra:
C. = (S(g%) ® End(V*))C = Maps(g, End(V*))S
associative S(g*)% = H;-algebra

@ (Kirillov 2000) C, commutative < p, weight multiplicity free;
e.g. minuscule

Theorem (Hausel 2022)

For G = SL,,, wx fundamental 3 universal bundle of algebra
structure on p,, (E)c = A*(E). along W(;r = A modelled on C,,,

Cwx = End(A*(E)c) Spec(C.,) « Specx(A*(E)c)

T oL T ~ l L J,
Hy = ClA Spec(Hg )« A

@ construction by applying Kirillov operators to ¢,
and using cyclicity of C,, (Panyushev 2004)
@ k = 1 familiar bundle of algebra structure from BNR corr.



Mirror of equivariant cohnomology is Kirillov algebra

o (Kapustin-Witten 2007) ~» S(pu(E")c) = Ha(W;)

@ when G = PGL, and u = w € X} (SLy) fundamental~>
Hg*(Oy:) = Oy sheaf of algebras ~ its mirror AK(BY)e
should aquire a bundle of algebra structure along dual Hitchin
section from fiberwise Fourier-Mukai transform

Theorem (Hausel 2022)

Spec(Cuy ) « Specgy (N(EY)c) = W - Spec(Hag, (Gr(k,n),C))
I L l l

l 4
Spec(Hgfn) « AY A -» Spec(HsgLn)

113

o using (Panyushev 2004)'s C,,, = H5 (Gr(k,n); C)
@ generalises - partly conjecturally - to all u € X;"(G)
@ ~» “classical limit of Geometric Satake equivalence”



