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Abstract
The first part of this paper is a survey of mathematical results on mirror symmetry phenomena between Hitchin systems for Langlands dual groups. The second part introduces
and discusses multiplicity algebras of the Hitchin system on Lagrangians, and considers
corresponding conjectural structures on their mirror.
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1. Introduction
Considering the 2-dimensional reduction of the Yang-Mills equations in 4 dimensions, Hitchin [Hi1] in 1987 introduced and studied the moduli space of solutions to certain self-duality equations on a Riemann surface. The moduli space turns out to have an
"extremely rich geometric structure".
The moduli space M of solutions for a complex reductive structure group (Hitchin
first considered = SL2 ), carries a canonical hyperkähler metric g with complex structures
I, J and K, and corresponding Käher forms ωI ,ωJ and ωK . In complex structure I it agrees
with the moduli space MDol of Higgs bundles - or Hitchin pairs - (E, Φ), where E is a bundle and the Higgs field Φ ∈ H 0 (C; ad(E) ⊗ K) is a section of the adjoint bundle twisted
by the canonical bundle on a complex curve C:
(M, I)  MDol .
Under an isomorphism induced by multiplying the Higgs field with i the Kähler manifolds
(M, I, ωI ) and (M, J, ωJ ) are isomorphic. In turn, they are both isomorphic with the moduli
space MDR of flat -connections on the curve C:
(M, J)  (M, K)  MDR .

(1.1)

The notation MDol for Dolbeault and MDR for De Rham non-abelian cohomologies follows
[Si] who introduced the viewpoint of non-abelian Hodge theory in the study of M.
In turn, Hitchin [Hi2] introduced the Hitchin map
h : M → A.
In the = GLn case this is just the characteristic polynomial of the Higgs field
n
Ê
h(E, Φ) = det(x − Φ) ∈ A :=
H 0 (C; K i ).
i=1

For general one needs to consider invariant polynomials on g := Lie() and compute them
on the Higgs field. He proved in [Hi2] that h is an algebraically completely integrable Hamiltonian system with respect to the I-holomorphic symplectic form ωC := ωJ + iωK . Thus h
is sometimes referred to as the Hitchin system. This means that dim(A) = dim(M)/2 and
that the component functions of h are independent and Poisson commute. Additionally, the
Hitchin map is proper, which was proved by Hitchin for SL2 in [Hi2], for GLn by Nitsure [Ni]
and Simpson [Si] and by Faltings [Fa] for general . The complete integrability and properness
of the Hitchin map together imply that its generic fiber is a torsor over an Abelian variety.
In particular topologically they are isomorphic to compact tori.
Due to the flexibility of their constructions (choice of curves and structure groups but also various types of ramification data) Hitchin systems have been related to most of the
known integrable systems [DM, Do]. They thus play a central role in the field of integrable
systems.
Our main interest in this survey will be how mirror symmetry and Langlands duality
relate to the Hitchin system. In 2003 the paper [HT] mathematically related the Hitchin system for Langlands dual groups to mirror symmetry. In particular it formulated a topological
mirror symmetry conjecture for certain SLn and PGLn Hitchin systems.
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In 2007 Kapustin-Witten [KW] placed the Hitchin system in the framework of a
certain supersymmetric 4-dimensional Yang-Mills theory reduced to 2 dimensions. It also
offered a detailed understanding of mirror symmetry and the geometrical Langlands program as a reduction of S-duality in 4 dimensions. This lead to many papers, such as [BS,
BGH, Hi3, HMP, HH] discussing pairs of mirror branes in Langlands dual Hitchin systems. The
last two papers emphasised a further structure on M, namely a canonical T-action given by
(E, Φ) 7→ (E, λΦ).
In 2010 Ngô [Ng] proved the Fundamental Lemma in the Langlands program, via
a detailed understanding of the cohomology of certain singular fibers of the Hitchin map.
In [Ha] similarities between the topological mirror symmetry conjecture of [HT] and such
cohomological results of Ngô were discussed and were conjecturally related. In [GWZ1]
Gröchenig–Wyss–Ziegler proved the topological mirror symmetry conjecture of [HT] using
an arithmetic p-adic integration technique. In turn in [GWZ2] the same authors managed
to reprove Ngô’s cohomological results with these new p-adic techniques. More recently
Maulik–Shen [MS] managed to complete some of the suggestions of [Ha] and derived a proof
of the topological mirror symmetry conjecture from Ngô’s results.
First we will discuss some of the background to these developments, and then in §3
we will explain some unpublished results about enhanced mirror symmetry for Langlands
dual groups at the tip of the nilpotent cone.

2. Background
2.1. Mirror symmetry
Three aspects of mirror symmetry will be relevant for us: topological and homological mirror symmetry and Strominger–Yau–Zaslow mirror symmetry.
Mirror symmetry in a nutshell relates the complex geometry of a Calabi-Yau X
with complex structure IX and Kähler, in particular symplectic, 2-form ωX to the symplectic geometry of a same dimensional mirror Calabi-Yau (Y, IY , ωY ). Originally [GP] 3dimensional examples of such a correspondence appeared in string theory and mirror symmetry as the statement that the physics of a certain 2-dimensional type A non-linear sigma
model with target (X, ωX ) matches that of a 2-dimensional type B non-linear sigma model
with target (Y, IY ).
The study of mathematical aspects of this mirror symmetry has been one of the
central subjects in modern symplectic/ complex algebraic geometry. The first mathematical
aspect of the mirror relationship is the agreement of Hodge numbers h n−p,q (X) = h p,q (Y ),
which we call topological mirror symmetry.
The formulation of Kontsevich [Ko] in 1994 of homological mirror symmetry
Fuk(X, ωX )  D b (Y, IY )
- the agreement of the Fukaya category of X and the derived category of coherent sheaves
on Y - gave a profound mathematical conjecture for what mirror symmetry should mean.
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The early 90’s saw several constructions of conjectured mirror pairs in [CLS, Ba1,
BB]. In 1996 [SYZ] Strominger–Yau–Zaslow suggested a way to construct the mirror of a
Calabi-Yau 3-fold X out of the geometry of X. They argued that there should be fibrations
of X and Y over the same base B  S 3 :
X
Y
(2.1)
&
.
B
so that the generic fibers are dual special Lagrangian 3-tori. Here L ⊂ X special Lagrangian
means that L is Lagrangian ωX | L = 0 and additionally Im(ΩX )| L = 0 the imaginary part of
the Calabi-Yau volume form vanishes on L. In turn then Y should be thought of as the moduli
space of certain objects in Fuk(X, ωX ), generically defined by special Lagrangian 3-tori
equipped with a U(1)-local system. A mathematical formulation of Strominger–Yau–Zaslow
was pursued by Gross–Siebert [GS1], with many accomplishments and recent breakthroughs
[GS2, GHKK].
Between mirror Calabi–Yau 3-folds a complete construction of dual special Lagrangian
fibrations (2.1) is still missing. The Higgs bundle moduli spaces for Langlands dual groups,
where the Hitchin systems will automatically give us such dual special Lagrangian fibrations, is a natural example, albeit in a geometrically different scenario from the original
[SYZ].
2.2. Geometric Langlands correspondence
In the works of [Dr1],[La1],[BD] a geometric version of the Langlands correspondence has been proposed. Recall that the Langlands program in number theory (see [Ge, Fr]
for some introductory ideas) for a reductive group over a number field relates automorphic
data for - like modular forms for SL2 - with spectral data - like a Galois representation on
the cohomology of an elliptic curve for SL2 - for a Langlands dual L group. The conjectures can be formulated over the other kind of global field as well: the function field of a
curve over a finite field. The conjectures become more tractable in this case as the algebraic
geometry of curves can be efficiently used. Here we will consider the even more geometric
version of this program for function fields of a curve over the complex numbers.
Over C the Langlands dual ∨ := L of a complex reductive group is simple to construct. The classification of complex reductive groups is via their root datum (X, Φ, X ∨, Φ∨ )
- consisting of a rank n lattice X, a root system and coroot system Φ ⊂ X and Φ∨ ⊂ X ∨ in
the dual lattice X ∨ , satisfying certain properties- attached to all rank n complex reductive
groups . The Langlands dual of then is the reductive group ∨ whose root datum is the dual
root datum (X ∨, Φ∨, X, Φ). For example GL∨n  GLn and SL∨n  PGLn .
The geometric Langlands correspondence of Beilinson-Drinfeld [BD] for a smooth
projective curve C proposes to construct from a -local system on C - a geometric analogue
of a Galois representation- a holonomic D-module on the moduli stack of bundles Bun∨ - a
geometric analogue of an automorphic form. The main property of this construction is that
the holonomic D-module must be an eigensheaf of certain Hecke operators. [BD] succeed in
this construction for a certain set of -local systems on C, the so-called opers.
4
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We will see below how Beilinson-Drinfeld’s picture can be understood also as
enhanced mirror symmetry between the hyperkähler, and thus in particular Calabi-Yau,
∨ .
moduli space of flat connections on MDR and the moduli space of flat ∨ connections MDR
2.3. SYZ mirror symmetry for Langlands dual Hitchin systems
The starting point of [HT] was the observation that for = SLn and ∨ = PGLn the two
∨ → A ∨ for ∨ Higgs bundles
Hitchin systems h : MDol → A for -Higgs bundles and MDol
∨
have the same base A  A and in the diagram
∨
MDol

MDol
(2.2)

h&

.h ∨
A

the generic fibers are dual Abelian varieties. The fibers are holomorphic Lagrangian with
respect to the holomorphic symplectic forms ωC := ωJ + iωK , i.e. ωC = 0, thus both ωJ =
ωK = 0, along the fibers because of the complete integrability of the Hitchin systems.
The same maps in complex structure J then yield
∨
MDR

MDR
(2.3)

h&

.h ∨
A

where the generic fibers are special Lagrangian fibrations. This means that ωJ vanishes on
the fibers, thus they are Lagrangian. Additionally ωK as well as the imaginary part of the
J-holomorphic Calabi-Yau form (ωK + iωI )2d also vanish along the fibers.
To find a mathematically testable form of mirror symmetry the paper [HT] formu∨ .
lated topological mirror symmetry between the mirror Calabi-Yau’s: MDR and MDR
2.4. Topological mirror symmetry for Langlands dual Hitchin systems
To formulate this version of mirror symmetry from [HT] we will be a bit more
precise about our moduli spaces. For SLn we consider M := MDol the moduli space of
stable Hitchin pairs of rank n fixed bundles E on C of fixed determinant line bundle of
degree 1 with trace-free Higgs fields Φ ∈ H 0 (C; End0 (E) ⊗ K). For PGLn we consider the
action of Γ := JacC [n], the group of order n line bundles on C, on the SLn moduli space M
and define M ∨ := M/Γ. Then M will be a smooth quasi-projective variety, while M ∨ is
a quasi-projective orbifold. For our considerations we will need extra twisting structure on
the moduli spaces in the form of a gerbe
α ∈ H 2 (M ∨, U(1))  H 2 (M, U(1))Γ
which can be constructed using the universal bundle on M.
One can then define certain mixed Hodge numbers
p+q

h p,q (M) = h p,q (Hc

(M))

for the smooth M and α-twisted stringy Hodge numbers for the orbifold M ∨ = M/Γ:
Õ
p,q
hst,α (M ∨ ) :=
h p−F(γ);q−F(γ) (H p+q−2F(γ) (Mγ ; Lα )Γ ),
γ ∈Γ
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where F(γ) is the fermionic shift, defined from the action of γ on the tangent space of M at
a γ-fixed point.
With these we can formulate our topological mirror symmetry conjecture:
p,q

Conjecture 2.1 ([HT]). We have an agreement of Hodge numbers h p,q (M) = hst,α (M ∨ ).
Note that as it stands the conjecture is about the Hodge numbers of the Higgs moduli spaces M = MDol . However it was proved in [HT] that the Hodge numbers of MDol and
MDR agree, and so (2.1) is also about the agreement of (mixed) Hodge numbers of the
∨ . This way we can interpret Conjecture 2.1 as topological
proposed mirrors MDR and MDR
∨ .
mirror symmetry for our SYZ mirror pair MDR and MDR
Conjecture 2.1 was proved for SL2 and SL3 in [HT]. More recently in 2020 the
general case of SLn was settled by Gröchenig-Wyss-Ziegler [GWZ1]. They used an arithmetic
p-adic integration technique, pioneered by Batyrev [Ba2] to check some topological mirror
symmetry conjectures in the usual mirror symmetry.
In [Ha] we observed a curious similarity. Namely Ngô in his proof [Ng] of the
Fundamental Lemma in the Langlands program, reduced the Fundamental Lemma to the
agreement of the number of points of certain singular Hitchin fibers over finite fields and in
turn to the agreement of certain Hodge numbers of singular fibers of the Hitchin fibration.
In [Ha][§5.4] we argued that Ngô’s cohomological result is a relative version of the topological mirror symmetry conjecture along the Hitchin fibration. A strategy was also proposed
to deduce topological mirror symmetry using Ngô’s techniques. This proposal has been
recently completed by Maulik–Shen in [MS] in 2020 giving a new proof of the topological
mirror symmetry Conjecture 2.1 using Ngô’s techniques.
Finally, in 2020, Gröchenig–Wyss–Ziegler in [GWZ2] managed to extend their
p-adic integration techniques from [GWZ1] for Higgs moduli spaces of general reductive
groups and in turn they found a new proof of Ngô’s cohomological result.
2.5. Geometric Langlands as enhanced Homological Mirror Symmetry
In 2007 Kapustin–Witten [KW] put forward a detailed circle of ideas amounting to a
physics derivation of the geometric Langlands Correspondence as an enhanced mirror symmetry. They argued that a well-studied S-duality (or electro-magnetic or Montonen-Olive
duality [MO]) in a certain four-dimensional N = 4 supersymmetric Yang-Mills theory, when
reduced to two dimensions, yields an enhanced mirror symmetry, which in turn recovers the
geometric Langlands correspondence as formulated by [BD].
In this two-dimensional reduction, Montonen-Olive duality becomes an equivalence of a type B sigma model with target the moduli space MDR of flat -connections on a
∨ , the moduli space of flat ∨ complex curve C and a type A sigma model with target MDR
connections on C. As a consequence the category of boundary conditions in the two theories
should be equivalent
∨
S : D b (MDR ) ' Fuk(MDR
),

(2.4)
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which can be interpreted as Kontsevich’s homological mirror symmetry conjecture applied
∨ .
to the mirror pair MDR and MDR
Kapustin–Witten [KW] explained that this equivalence of categories has more structure due to the hyperkähler targets, and more symmetries due to their origin in 4-dimensions
than the usual homological mirror symmetry, which arises from an equivalence of two 2dimensional sigma models. They use these additional ideas to construct from a flat connec∨ )
tion α in MDR , considered by its skycraper sheaf Oα ∈ D b (MDR ), an element of Fuk(MDR
∨
which they interpret as a D-module on the moduli space of -bundles on our curve C. The
Hecke eigensheaf property then in turn is deduced from the extra symmetry stemming from
the 4-dimensional origin.
First, due to the hyperkähler targets, Kapustin–Witten talk about more structured
branes (aka boundary conditions) by proposing that a brane should be either type A or type
B with respect to all the three complex structures I, J and K. This way they consider type
(B, A, A), (A, B, A),(A, A, B) and type (B, B, B) branes on hyperkähler manifolds. For example
a type (B, A, A) brane could be an I-holomorphic ωC = ωJ + iωK Lagrangian subvariety
together with a local system. Or a type (B, B, B) brane should be a hyperkähler submanifold
together with a hyperholomorphic connection on a bundle over it.
In their framework [KW] argue that the mirror (S-dual) of an (B, A, A) brane on the
hyperkähler M should be a (B, B, B) brane on M ∨ . In particular, if we just concentrate on
complex structure J, that of MDR , we see that the mirror of an A brane should be a B brane.
The mirror relationships are slightly more subtle [KW, Table 2 p74] in that the A-model in
complex structure J should be mirror to the B-model in complex structure K, which in turn,
by (1.1), yields our version. This more refined version of mirror symmetry matches a type
B brane in complex structure I to another type B brane in complex structure I on the mirror.
This latter correspondence was also formulated by Donagi–Pantev [DP] as a classical limit - a first approximation of (2.4)- as
(2.5)

∨
S : D b (MDol ) ' D b (MDol
)

of the homological mirror symmetry (2.4). First [DP] checks that (2.2) generically gives dual
abelian varieties as fibers, for every reductive group . Second, they check that generically
the Fourier-Mukai transform [Mu] relative to the Hitchin base gives an equivalence like (2.5)
which satisfies the additional intertwining of Hecke–Wilson symmetries discussed below. It
is expected that (2.5) will have to be modified when extended over certain singular points of
the moduli spaces.
Another direction of research - motivated by [KW]’s consideration of hyperkähler
branes - lead to new understandings of Lagrangian subvarieties in MDol and MDR and
hyperholomorphic sheaves on M. For example [BS, BGH, Hi3] studied various constructions
of such hyperkähler branes in all four different types, and contemplated what their mirror should be. In particular, Hitchin [Hi3] proposed pairs of a (B, A, A) brane on M and
(B, B, B) brane on M ∨ for which he could show that generically over the Hitchin base they
are Fourier-Mukai dual. The = GL2 case of Hitchin’s suggestion was the starting point of
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where an additional structure, the T-action, played an important role. This point of
view will be explained below in more detail.
Second, due to the 4-dimensional origin of their derivation of (2.4) Kapustin–
Witten considered extra symmetries on these categories, arising from line operators in the
4-dimensional theory. Namely, Wilson operators W µ attached to representations µ of act on
D b (MDR ) via tensoring with the vector bundle in the representation µ of the -bundle underlying the universal flat connection. On the other side Hecke operators (or t’Hooft operators
for the physicists) H µ attached to irreducible representations µ of act on the moduli space
of ∨ bundles and in turn on D-modules on them. The extra symmetry observation of [KW] is
that these operators should intertwine the mirror symmetry of (2.4). We will spell out these
operators in a more detailed way in the more symmetric classical limit (2.5) of [DP] in §3.4
below.
The homological mirror symmetry (2.4) with these two additional structures:
matching of hyperkähler branes under mirror symmetry, and the Wilson-Hecke symmetry is what we call enhanced mirror symmetry. These go beyond the usual homological
mirror symmetry of Kontsevich and stem from the supersymmetric and 4-dimensional
origins of S-duality.
[HMP],

3. Enhanced mirror symmetry at the tip of the nilpotent cone
The original motivation for the considerations below is to find a way to test the
conjectured mirror pairs of (B, A, A) and (B, B, B) branes put forward in [BS, BGH, Hi3]. The
only tests so far - which were often carried out in loc.cit. - are to check if the proposed mirror
pairs are indeed Fourier-Mukai dual relative to the Hitchin maps. This can only be checked
generically over the Hitchin base. We would like to see more global checks, in particular
ones which can verify mirror symmetry proposals over the 0-fibers of the Hitchin maps: the
global nilpotent cones.
We introduced a technique in [HMP, HH] which can verify mirror symmetry proposals over the nilpotent cone by considering the effect of mirror symmetry on morphisms in
the corresponding categories. The difficulty to consider the morphisms in our categories
arises from the non-compactness of our moduli spaces. For example the vector spaces of
morphisms in the derived category D(MDol ) are typically infinite dimensional. To measure
their size, we will be looking at the T-equivariant structure on them. Recall that the multiplicative group T := C× of the complex numbers acts on M by λ : (E, Φ) → (E, λΦ), scalar
multiplication of the Higgs field. Here we will be interested in a T-equivariant extension of
the classical limit (2.5) of the geometric Langlands correspondence, which should be as a
∨ ) between the T-equivariant
first approximation an equivalence S : DT (MDol ) ∼ DT (MDol
∨ . The morphisms between two objects F and F in
derived categories of MDol and MDol
1
2
DT (MDol ) can be identified with the graded vector space Ext∗ (X; F1, F2 ). To measure this
graded vector space, we note that T acts on it, and assuming that the weight spaces are
finite dimensional and vanish for large enough weights (which we expect for semiprojective
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varieties) we can define the equivariant Euler form as
Õ
χT (X; F1, F2 ) =
dim(H k (RH om(F1, F2 ))l )(−1)k t −l =
k,l

=

Õ



dim HomDc oh (X) (F1, F2 [k])l (−1)k t −l =

k,l

=

Õ

dim(Extk (X; F1, F2 )l )(−1)k t −l ∈ C((t)).

k,l

With this we expect that S is an isometry:
χT (S(F ), S(G)) = χT (F , G)
In [HMP] we managed to check this isometry for several pairs of conjectured mirror
branes from [Hi3], while in [HH] we checked this isometry for the conjectured mirror pairs
relevant here; see below. In the second part of this paper we will recall some results of
[HH] about the mirror of very stable upward flows, introduce and study the multiplicity
algebras of the Lagrangian upward flows following [HH1], and finally we will consider what
the multiplicity algebra should correspond to on the mirror.
3.1. Very stable Higgs bundles and mirror symmetry
The starting point is the recent paper [HH]. First we recall its formalism.
3.1.1. Białynicki-Birula decomposition of semiprojective varieties. Let the multiplicative group T := C× of the complex numbers act on a (possibly reducible) variety (a reduced
separated scheme of finite type over C). We say that the action is semiprojective [HV, §1] if
the following three conditions hold
(1) the action is linear, i.e. there is a locally closed T-equivariant embedding of X
into P N with a linear action of T (for example when X is normal and quasiprojective)
(2) the fixed point subvariety X T is proper and thus projective
(3) limλ→0 λ · x exists for all x ∈ X
For α ∈ X T we define Wα+ := {x ∈ X | limλ→0 λ · x = α} the upward flow from α and Wα− :=
{x ∈ X | limλ→∞ λ · x = α} the downward flow from α. Then we have
Þ
X=
Wα+
α∈X T

the Białyinicki-Birula partition of X and we define the projective variety
Þ
C :=
Wα−
α∈X T

to be the core of X. We then have the following
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Theorem 3.1. ([B-B],[HH, Proposition 2.1,Proposition 2.10]). When α ∈ (X s )T , a T-fixed point
on the smooth locus, then Wα± ⊂ X are locally closed subvarieties and Wα±  Tα± X as Tvarieties. Moreover when ω ∈ Ω2 (X s ) is a homogeneity 1 symplectic form then Wα+ ⊂ X and
C ⊂ X are Lagrangian subvarieties.
We call α ∈ (X s )T and Wα+ very stable when Wα+ ∩ C = {α}. Equivalently, α ∈ (X s )T
is very stable if and only if Wα+ ∩ Wβ− , ∅ implies β = α. More generally one can show that
the relation α ≤ β when Wα+ ∩ Wβ− , ∅ induces a partial ordering. Then α ∈ (X s )T is very
stable if it is maximal with respect to this ordering. We then have
Theorem 3.2. ([HH, Proposition 2.14].) α ∈ (X s )T is very stable if and only Wα+ ⊂ X is closed.
3.1.2. Białynicki-Birula partition for Higgs bundles. We will work with = GLn . We will
denote by M the moduli space of semistable rank n degree d Higgs bundles (E, Φ) on a
smooth projective curve of genus g. Here E is a rank n vector bundle of degree d on C and
the Higgs field Φ ∈ H 0 (C; End(E) ⊗ K).
We have the Hitchin map [Hi2] given by the characteristic polynomial of the Higgs
field:
n H 0 (C; K i )
h:
M
→ A := ×i=1
(E, Φ) 7→
det(x − Φ).
Then h is a proper map [Hi1, Ni, Si] and a completely integrable Hamiltonian system
with respect to a natural holomorphic symplectic form on M. In particular, the
generic fibers are Lagrangian Abelian varieties, Jacobians of certain spectral curves.
The T-action on M is given by (E, Φ) 7→ (E, λΦ). That makes the Hitchin map Tequivariant if we let T act on H 0 (C; K i ) with weight i. As these weights are all positive on
n H 0 (C; K i ) it is semiprojective, and as the Hitchin map is proper and T-equivariant
A  ×i=1
we get that our T-action on M is also semiprojective. Additionally, we get that the core
of A, i.e. the origin 0 ∈ A pulls back to the core of M. For M the core agrees with the
nilpotent cone h−1 (0)r ed = C.
Generalising the notion of very stable bundle of Drinfeld and Laumon [Dr2, La1] we
can thus define a very stable Higgs bundle as a stable T-fixed Higgs bundle E ∈ M s T for
which W E+ ∩ h−1 (0) = {E} the only nilpotent Higgs bundle in its upward flow is itself. Thus
by Theorem 3.2 we know E ∈ M s T is very stable exactly when its upward flow is closed.
To reformulate in terms of the Hitchin map we have an alternate version of Theorem 3.2.
[Hi2, Fa]

Theorem 3.3 ([HH1] c.f. [Ze]). E ∈ M s T is very stable if and only if h−1 (0) ∩ W E+ = {E} if
and only h E := W E+ → A is proper if and only if it is finite.
Definition 3.4. For E ∈ M sT define the rational function
χT (Sym(TE+∗ ))
m E (t) :=
∈ Z(t).
χT (Sym(A ∗ ))
We call it the equivariant multiplicity of W E+ .
We have the following
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Theorem 3.5. ([HH, Corollary 5.4]). When E ∈ M sT is very stable m E (t) is a polynomial
•

with non-negative coefficients, which is

•

palindromic and

•

monic, such that

•

m E (1) = mFE is the multiplicity of the component NFE ⊂ N in the nilpotent cone.

Let ` ∈ Z, mi ∈ Z ≥0 and
δ := (δ0, δ1, . . . , δn−1 ) ∈ Jac` (C) × C [m1 ] × · · · × C [mn−1 ]
be a vector of representative divisors on C. To this we can construct a type (1, . . . , 1) T-fixed
Higgs bundle E δ = (Eδ , Φδ ) where
E δ = M0 ⊕ · · · ⊕ Mn−1
is a rank n vector bundle
Mi := O(δ0 + · · · + δi )K −i
and
Φδ | Mi : Mi → Mi+1 K ⊂ Eδ K
is given by the defining section of
H 0 (C; Mi−1 Mi+1 K)  H 0 (C; O(δi )).
The following classifies all very stable T-fixed type (1, . . . , 1) Higgs bundles and
gives their equivariant multiplicity.
Theorem 3.6. ([HH, Theorem 4.16,(5.18)]). Let δ be as above and suppose that E δ is a stable
Higgs bundle. Then E δ is very stable if and only if the effective divisor δ1 + · · · + δn−1 is
reduced. Its equivariant multiplicity is given by
"
# mi
n−1
Ö
n
m E δ (t) =
,
i
i=1
t

product of t-binomial coefficients.
3.2. Multiplicity algebra and explicit Hitchin system on Lagrangians
The main idea is to study, for E ∈ M sT , the restricted Hitchin map
h E := h|WE+ : W E+ → A
in the framework of the Arnold school [AGV]. It is a T-equivariant Lagrangian map between
semiprojective vector spaces (i.e. only positive T-weights) of the same dimension. Such
maps are called quasi-homogoneous in [AGV, §12.3] .
We recall from Theorem 3.3 that E is very stable if and only if h−1
E (0) = {E} if
and only if h E is proper. For such maps - called non-degenerate in loc.cit.- [AGV, §4,5,12]
introduces and studies its local multiplicity algebra.
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Definition 3.7. When E ∈ M sT is very stable define
+
Q E := QhE := C[W E+ ]/(h−1
E (m0 )) = C[W E ]/(h1, . . . , h N )

the local multiplicity algebra of h E at E. Here m0 ⊂ C[A] is the maximal ideal at 0 ∈ A
and
h E = (h1, . . . , h N ) : C N  W E+ → C N  A
in some homogeneous coordinates.
Scheme-theoretically Q E is just the coordinate ring of the scheme theoretical fiber
of h E over 0 or the scheme-theoretical intersection of W E+ ∩ h−1 (0) of the upward flow with
the nilpotent cone. Because h E is T-equivariant we will get a T-action, and thus a grading
on Q E . Because of this sometimes we call Q E the equivariant multiplicity algebra of h E at
E.
Remark 3.8. Note that determining the algebra Q E explicitly by N generators and N relations gives us coordinates on W E+ such that the Hitchin map is given explicitly by the
relations.
Using results of [AGV, §4,5,12] we have the following
Theorem 3.9 ([HH1]). Let E ∈ M s be very stable. Then its local multiplicity algebra is
(1) finite dimensional,
Ém
k
0
(2) graded Q E :=
k=0 Q E such that Q E  C,
(3) Gorenstein, with socle Q m
E  CJhE , which is one-dimensional and spanned by
the Jacobian JhE of h E = (h1, . . . , h N ) and
(4) a Poincaré duality ring. That is it has a natural bilinear pairing (, ) : Q E ×
Q E → C inducing a perfect pairing Q kE × Q m−k
→ C for all k.
E
Ím
(5) Finally, its Poincaré polynomial k=0
dim(Q kE )t k = m E (t) agrees with the
equivariant multiplicity.
This result gives a satisfactory explanation of all the properties of the equivariant
multiplicity polynomial we observed in Theorem 3.5. The following then gives an explanation for the appearance of quantum binomial coefficients - which is well-known to be the
Poincaré polynomial of a Grassmannian- for the equivariant multiplicity.
Theorem 3.10 ([HH1]). Let δ = (δ0,δ1,. . .,δn−1 ) ∈ J` (C) × C [m1 ] × · · · × ×C [mn−1 ] be a vector
of divisors. Assume that δ1 + · · · + δn−1 is reduced, then E δ is very stable from Theorem 3.6
and its equivariant multiplicity algebra is
n−1
Ö
Qδ 
H ∗ (Gr(i, n); C)mi
i=1

the product of the complex cohomology rings of Grassmanians Gr(i, n) of i-dimensional
subspaces in Cn .
12
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Our attack on Theorem 3.10 starts with understanding the map hδ : Wδ+ → A using
Hecke transformations. We explain it here in the first non-trivial case when
δck := (δ0, . . . , δn−1 )
where δi = 0 unless i = k and the divisor δk = c is one point. For this we consider the k-th
fundamental Hecke correspondence over the Hitchin section W0+ := W E+0 which coincides
with the upward flow of the canonical uniformising Higgs bundle E0 = (E0, Φ0 ). Recall [HH,
(3.16)] that it is given in chain notation as
1

1

1

(E0, Φ0 ) = (O ⊕ K −1 ⊕ · · · ⊕ K 1−n, Φ0 ) = O → K −1 → · · · → K 1−n,
where morphisms on the arrows are twisted by K. The canonical uniformising Higgs bundle
is at the top of the nilpotent cone. We will use Hecke transformations to generate all other
type (1, ..., 1) upward flows from the Hitchin section W0+ .
We let

(3.1) Hk := (E a,V) ∈ W0+ × Gr(k, E0 |c )|Φa |c (V) ⊂ V ⊂ W0+ × Gr(k, E0 |c ).
It can be constructed étale locally over A as the fixed point scheme of the self-map of
Gr(k, E0 |c ) induced by the invertible Φa |c − λI : E0 → E0 where λ ∈ C is not an eigenvalue
of Φa . By performing a Hecke transformation of E a at V for a point (E a, V) ∈ Hk we get
that Hk  W +k and moreover have the commutative diagram
δc



Hk

πk 
y

−→

W0+

−→

h0

W +k
δc

y hδck

A

Hence Q δck  Q πk . In turn, the computation of Q πk can be done in the Grassmannian Gr(k, E0 |c ) and will yield in two different ways the two isomorphisms
(3.2)

H ∗ (Gr(k, E0 |c ); C)  Q πk 


(pk + · · · + p1

C[p1, . . . , pk , q1, . . . , qn−k ]
.
+ x k )(qn−k + · · · + q1 x n−k−1 + x n−k ) = x n

x k−1

Of course the isomorphism of the first and third rings gives the well-known presentation of
the cohomology ring of the Grassmannian.
In effect, we can think of the determination of the multiplicity algebra in (3.2) to
give coordinates on the upward flow W +k so that the Hitchin map hδck becomes explicit δc
basically given by the relations in the cohomology ring of the Grassmannian.
3.3. Explicit Hitchin system for wobbly Lagrangians
Here we show how one can generalise the technique above to understand multiplicity algebras of wobbly - i.e. not very stable- upward flows using the affine Grassmannian
[Gö, Zh]. We start with a generalised notion of the k-th fundamental Hecke correspondence
over the Hitchin section. Recall the affine Grassmannian
Gr := GLn ((z))/GLn [[z]],
13
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where GLn ((z)) := GLn (C((z))) and GLn [[z]] := GLn (C[[z]]). It is a projective ind scheme,
in particular its reduced is a nested union of projective varieties. It parametrises higher
Hecke transformations of a vector bundle at a point on a curve.
Let
µ = (µ1 ≥ µ2 ≥ · · · ≥ µn ) ∈ P+ ⊂ P  Zn
be a dominant weight and
©


µ
z := 


«

z µ1
0

0
z µ2

0

0

...
...
..
.
...

0
0
z µn

ª
®
®
® ∈ GLn (C((z))).
®
®
¬

We note that GLn [[z]] acts from the left on Gr with orbit decomposition
Þ
Þ
Gr =
Grµ =
GLn [[z]][z µ ]
µ ∈P +

µ ∈P +

where Grµ are labelled by dominant weights µ ∈ P+ as they are the orbits of [z µ ]. We have
a natural map
Grµ → GLn [z µ ]  GLn /P µ

(3.3)

given by setting z = 0. We note that GLn [z µ ]  GLn /Pµ is a partial flag variety and the map
µ
(3.3) is a finite rank vector bundle on GLn /Pµ . We denote by Gr the reduced of the closure
of Grµ in Gr. We then have
Þ
µ
(3.4)
Gr =
Grλ
µ ≥λ∈P +

where µ ≥ λ is meant in the dominance order on P+ i.e. when µ − λ is some sum of positive
roots (possibly with multiplicity).
One important example is when µ = ωk = (1, . . . , 1,0, . . . ,0) is the k-th fundamental
| {z }
k

weight. Then ωk is minuscule (minimal in dominance order) and
ωk

Gr

= Grωk  Gr(k, n)

the classical Grassmannian.
For a dominant µ we can now define the Hecke correspondence of type µ over the
Hitchin section as

(3.5)
H µ := (E a,V) ∈ W0+ × Grµ s.t. Φa |∆c (V) ⊂ V ⊂ W0+ × Grµ ,
where ∆c → C is the formal neighbourhood of c in C. In particular ∆c  Spec(C[[z]]).
We fix a trivialisation E0 |∆c  O∆nc and a trivialisation K |∆c  O∆c then we can think of
γa := Φa |∆c ∈ gl n [[z]]. Then if V = [g] ∈ Grµ is represented by g ∈ GLn ((z)) the condition
Φa |∆c ∈ gl n [[z]] translates as
γa g −1 ∈ gl n [[z]].

(3.6)
14
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For a fixed a ∈ A this defines the affine Springer fiber of γa .
By performing a type µ Hecke transformation of E0 at V ∈ Grµ , this will yield
a new vector bundle together with a Higgs field, thanks to the invariance condition (3.6).
Provided some stability conditions are satisfied the new Higgs bundle will be stable and on
the upward flow of E δcµ , where
µ

δc = (αn c, αn−1 c, . . . , α1 c)

(3.7)

Í
by writing µ = i αi ωi in terms of the fundamental weights and αi ∈ Z ≥0 for 1 ≤ i ≤ n − 1
and αn ∈ Z. We claim that such a Hecke transformation will induce an isomorphism and so
that we get the following diagram:

(3.8)

Hµ

πµ 
y

−→

W0+

−→



h0

Wδ+µ
c
 µ

y hδc
A

This way we get Q πµ  Qh δ µ . Thus we reduced the computation of the equivariant mulc
tiplicity algebra for a computation inside Grµ by studying the equations describing H µ ⊂
W0+ × Grµ . It turns out that this reduces to a relatively simple linear algebra computation.
We have the following results and conjectures. In order to formulate them we will need to
introduce the notion of dominant upward flows and their multiplicity.
Definition 3.11. Let E ∈ M sT . We call the upward flow W E+ dominant if the Hitchin map
h E : W E+ → A is dominant. In this case the induced map on algebra of functions h∗E :
C[A] → C[W E+ ] is injective and thus we get a extension C(A) ⊂ C(W E+ ) of function fields.
We define its degree to be the multiplicity of W E+
m E := [C(W E+ ) : C(A)].
We note that m E also agrees with the rank
m E = dimC(A) (M E ⊗C[A] C(A))
of the C[A]-module M E given by h∗E and also with the cardinality of the generic fiber
+
m E = #(h−1
E (a) ∩ W E )

for generic a ∈ A. Notice that these last two definitions make sense for all upward flows.
Dominance in turn then will be equivalent with nonzero multiplicity.
We have the following results:
Theorem 3.12 ([HH1]). Let µ = (d + 1)ωk ∈ P+ for d ∈ Z>0 and 1 ≤ k ≤ n − 1 and c ∈ C.
When E δcµ ∈ M sT the following hold
(1) Hecke modification of type µ of W0+ induces H µ → Wδ+µ an isomorphism
c

(2)

W E+ µ
δ

is dominant

c

(3) m E = |W · µ| is the order of the Weyl orbit of µ
15
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(4) we have
Q µ  C[Jd (Qωk )]  C [Jd (Spec(H ∗ (Gr(k, n), C)))] ,
where for a scheme X we denote by Jd (X) the d − 1th jet scheme of Spec(R).
In particular Jd (X)(C) = Hom(Spec(C[z]/(z d )), X) is the set of d − 1 jets in X.
Remark 3.13. We conjecture that (1),(2) and (3) hold for any µ ∈ P+ .
Remark 3.14. As examples in the n = 2 case let us give the multiplicity algebra for d = 1, 2
and 3. First we have
Q δ 2ω1  C[a0 ]/(a02 )  H ∗ (P1, C).

(3.9)

c

Then we have
Q δ 2ω1  C[a0, a1 ]/(a02, a0 a1 ).

(3.10)

c

Note (a02, a0 a1 ) = (a0, a1 )2 ∩ (a0 ) thus the scheme theoretical intersection Spec(Q δ 2ω1 ) of the
c
upward flow W +2ω1 and the nilpotent cone h−1 (0) is the line (a0 ) with a double embedded
δc
point at the origin. Note that this upward flow was studied in [HH, §8.2].
For d = 3 we have the multiplicity 2 algebra
Q δ 3ω1  C[a0, a1, a2 ]/(a02, a0 a1, a0 a2 + a12 ).

(3.11)

c

Both (3.10) and (3.11) follows from Conjecture 3.12.4 and both can be proved by direct
computation in Grµ as explained above.
Remark 3.15. It is surprising how complex Jd (Spec(H ∗ (Gr(k, n), C))) can be. In particular,
in the k = 1 case (i.e. jet schemes of the cohomology ring of projective space) there is only
a conjecture about its multiplicity in [Yu, Conjecture III.21].
Remark 3.16. Finally we remark that already for type (2) we have new phenomena. As
discussed in [Hi4, §5.4] there are multiplicity algebras depending on continuous parameters,
in particular they cannot be isomorphic with cohomology rings, because cohomology rings
are integral.
3.3.1. Lagrangian closure of Wδ+ .
Definition 3.17. Let E ∈ M sT . The Lagrangian closure W E+ of W E+ is the smallest closed
union of upward flows containing W E+ . In other words the Lagrangian closure is the closure
in the quotient space by the BB partition.
Using (3.8) and (3.4) we can deduce the following
µ

Theorem 3.18 ([HH1]). Let µ ∈ P+ and c ∈ C. Recall δc from (3.7). Assume E δcµ ∈ M sT .
Then
Þ
W E+ =
Wδ+λ ,
µ ≥λ∈P +

c

i.e. the upward flows corresponding to dominant weights λ less than or equal to µ in dominance order.
16
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3.4. Towards a classical limit of the geometric Satake correspondence
Finally, we will formulate some conjectures which were the original motivation of
much of the previous ideas. In particular, they hint at a new construction of the irreducible
representations of GLn (C), and more generally of any complex reductive group .
The general setup comes from the classical limit (2.5) of the geometric Langlands
program, as formulated in [DP]. Here we sketch some of the expectations of this classical
limit in a schematic (not completely well-defined) manner. It should be an equivalence of
some sort of derived categories of coherent sheaves
S : D b (MDol ) → D b (M ∨ ).
Several properties of this equivalence were proposed and some established in [DP]. In particular, S should be a relative Fourier-Mukai transform along the generic locus in A  A∨ .
Another crucial property [KW] - which we called enhanced mirror symmetry in §2.5 aboveis that S should intertwine the actions of certain Hecke operators on D b (MDol ) and the
Wilson operators on D b (MDol ). Let µ ∈ X+ (∨ ) = X + () be a dominant character of ∨ . We
denote by
H µ := {(E, Φ) ∈ MDol, [g] ∈ Grµ |g −1 Φc g ∈ [[z]]} ⊂ MDol × Grµ
some space of Hecke correspondences at a point c ∈ C. Indeed this gives us
Hµ
& fµ
MDol

πµ .
MDol

two maps to MDol , first the projection πµ to the first factor, and second f µ , the Hecke
transformation* of (E, Φ) by the compatible Hecke transform [g] ∈ Grµ , which is expected
to induce
µ
H µ := f∗ ◦ πµ∗ : D b (MDol ) → D b (MDol )
a Hecke or the physicists’ t’Hooft operator.
On the other hand we can consider the so-called Wilson operators
Wµ :

∨ )
D b (M Dol
F

D b (MDol )
∨ ×{c } )
F ⊗ ρµ (E| MDol

→
7→

given by tensoring with the universal ∨ bundle E in the representation ρµ :∨ → GL(Vρµ ).
We then expect [DP, KW] that
Wµ ◦ S = S ◦ Hµ .

(3.12)

There are two more expectations for the classical limit S, both are motivated from
Fourier-Mukai transform where the analogous statements hold. First we expect that for any
F ∈ D b (MDol ) we should have
(h)∗ (F)S(F) |W + .

(3.13)

0

*

17
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Second, the structure sheaf of the Hitchin section should be mirror to the structure sheaf of
the mirror Higgs moduli space:
∨ .
S(OW0+ )  O MDol

(3.14)

Combining (3.12) with (3.14) we can deduce that
∨ ).
S(H µ (OW0+ )) = W µ (S(OW0+ )) = W µ (O MDol

On the one hand we should have
supp(H µ (OW0+ )) = Wµ+,
where Wµ+ is the upward flow from a certain Eµ maximally split G-Higgs bundle of type µ
at c ∈ C. On the other hand
∨ ) = ρµ (E)c =: Λµ ,
W µ (O MDol

the vector bundle associated to the principal bundle Ec in the representation ρµ .
Thus Kapustin-Witten’s (3.12) implies
S(H µ (OW0+ )) = Λµ .
We can test this by (3.13)
Λµ | L W0+ = S(H µ (OW0+ ))| L W0+ = (h)∗ (H µ (OW + )).
0

In [HH] we have made arguments that the mirror of the structure sheaf of a very
stable type 1, . . . , 1 upward flow Wδ is
Λδ :=

mi
n−1 Ì
Ì
i=1

Λi E c i j ,

j=1

where (E, Φ) is a universal Higgs bundle on M × C and
δi = ci1 + ci2 + · · · ∈ C [mi ] .
In particular, one expectation of mirror symmetry is that
h∗ (OWδ+ )  Λδ |W0+ .
This follows from Theorem 3.6 and a direct computation for χT (Ec ).
In [HH, §8.2] we proposed that for n = 2 the mirror of Sym2 (Ec ) should be the
structure sheaf of the Lagrangian closure W +2 where δc2 = (0, 2c). We can generalise this as
δc
follows.
Conjecture 3.19. Let c ∈ C and a reductive group. Then we have the following conjectures.
(1) For any µ ∈ X+ (∨ ) the support of the mirror of ρµ (Ec ) is Wδ+µ
c

(2) Let µ ∈ X+
such that the corresponding irreducible
multiplicity free. Then the mirror of ρµ (Ec ) is O + .
(∨ )

W

µ
δc

18
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∨

representation ρµ is

(3) In the latter case the multiplicity algebra of the restricted Hitchin map h
µ

:W +µ →A
δc

is isomorphic with the cohomology ring of Gr .
Remark 3.20. In [FFR], studying opers in the geometric Langland program, the authors
construct a canonical Poincaré duality ring structure on the underlying vector space Vµ of
all irreducible representation ρµ of ∨ . In the case when ρµ is multiplicity-free this ring is
µ
isomorphic with the cohomology ring H ∗ (Gr ). Note that according to [Gi, Theorem 1.5]
these are precisely the cases when
µ

µ

H ∗ (Gr )  IH ∗ (Gr ),
when the cohomology ring satisfies Poincaré duality. In this case this ring was more carefully studied in [Pa].
Acknowledgments
The author thanks Nigel Hitchin for introducting him to Higgs bundles during 1995-1998,
suggesting the SYZ picture for Langlands dual Hitchin systems in 1996 and for the more
recent collaborations [HH, HH1]. He also thanks David Ben-Zvi, Pierre-Henri Chaudouard,
Pierre Deligne, Ron Donagi, Sergei Gukov, Jochen Heinloth, Joel Kamnitzer, Gérard
Laumon, Anton Mellit, David Nadler, Andy Neitzke, Ngô Bao Châu, Michael Thaddeus,
Tony Pantev, Du Pei, Richárd Rimányi, Leonid Rybnikov, Vivek Shende, Balázs Szendrői,
András Szenes, Fernando Rodriguez-Villegas, Edward Witten and Zhiwei Yun for discussions about the subjects in this paper over the years. Thanks are also due to Hülya Argüz,
Jakub Löwit, Balázs Szendrői and Nigel Hitchin for careful reading of the paper.

References
[AGV] Arnold, V. I.; Gusein-Zade, S. M. and Varchenko, A. N. Singularities of differentiable maps. Vol. I. Monographs in Mathematics, 82. Birkhäuser Boston, Inc.,
Boston, MA, 1985.
[BS]
Baraglia, D. and Schaposnik, L.: Real structures on moduli spaces of Higgs bundles. Adv. Theor. Math. Phys. 20 (2016), no. 3, 525–551.
[Ba1] Batyrev, V.: Dual polyhedra and mirror symmetry for Calabi-Yau hypersurfaces in
toric varieties.J. Algebraic Geom. 3 (1994), no. 3, 493–535.
[Ba2] Batyrev, V.: Birational Calabi-Yau n-folds have equal Betti numbers. InNew trends
in algebraic geometry (Warwick, 1996), 1–11, London Math. Soc. Lecture Note
Ser., 264, Cambridge Univ. Press, Cambridge, 1999.
[BB] Batyrev, V. and Borisov, L.: Mirror duality and string-theoretic Hodge numbers.
Invent. Math. 126 (1996), no. 1, 183–203.
[BD] A. Beilinson and V. Drinfeld. Quantization of Hitchin’s integrable system and
Hecke eigensheaves. (preprint ca. 1995).
[B-B] Białynicki-Birula, A.: Some theorems on actions of algebraic groups, Ann. of
Math. (2) 98 (1973), 480–497.
19

Enhanced mirror symmetry for Langlands dual Hitchin systems

[BGH] Biswas, I.; García-Prada, O. and Hurtubise, J.: Higgs bundles, branes and Langlands duality. Comm. Math. Phys. 365 (2019), no. 3, 1005–1018.
[CLS] Candelas, P. ; Lynker, M. and Schimmrigk, R.: Calabi-Yau manifolds in weighted
P4 . Nuclear Phys. B 341 (1990), no. 2, 383–402.
[DP] Donagi, R. and Pantev, T.: Langlands duality for Hitchin systems, Invent. Math.
189 3, 653–735. arXiv:math/0604617
[Do]
Donagi, R.:Seiberg-Witten integrable systems. Surveys in differential geometry:
integral systems 83–129, Surv. Differ. Geom., 4, Int. Press, Boston, MA, 1998.
[DM] Donagi, R. and Markman, E.: Spectral covers, algebraically completely integrable,
Hamiltonian systems, and moduli of bundles. in Integrable systems and quantum
groups (Montecatini Terme, 1993), 1–119, Lecture Notes in Math., 1620, Fond.
CIME/CIME Found. Subser., Springer, Berlin, 1996.
[Dr1] Drinfeld, V.G.: Letter to P. Deligne June 1981.
[Dr2] Drinfeld V.G.: Two dimensional `-adic representations of the fundamental group
of a curve over a finite field and automorphic forms on GL(2), American Journal
of Math.105 (1983), 85-114.
[Fa]
Faltings, G.: Stable G-bundles and projective connections. J. Algebraic Geom. 2
(1993), 507–568
[FFR] Feigin, B.; Frenkel, E. and Rybnikov, L.: Opers with irregular singularity and
spectra of the shift of argument subalgebra. Duke Math. J. 155 (2010), no. 2, 337–
363.
[Fr]
Frenkel, E.: Lectures on the Langlands program and conformal field theory. Frontiers in number theory, physics, and geometry. II, 387–533, Springer, Berlin, 2007.
[Ge]
Gelbart, S.: An elementary introduction to the Langlands program, Bulletin of the
American Mathematical Society, New Series, 10 (2): 177–219
[Gi]
Ginzburg V.: Loop Grassmannian cohomology, the principal nilpotent and
Kostant theorem, (preprint arXiv:math/9803141)
[Gö]
Görtz, U.: Affine Springer fibers and affine Deligne-Lusztig varieties. (in Affine
flag manifolds and principal bundles, 1—50, Trends Math., Birkhäuser/Springer
Basel AG, Basel, 2010.
[GP] Greene, B. R. and Plesser, M. R. : Duality in Calabi-Yau moduli space. Nuclear
Phys. B 338 (1990), no. 1, 15–37.
[GS1] Gross, M. and Siebert, B.: Affine manifolds, log structures, and mirror symmetry.
Turkish J. Math. 27 (2003), no. 1, 33–60.
[GS2] Gross, M., and Siebert, B.: From real affine geometry to complex geometry.
Annals of mathematics, (2011) 1301–1428.
[GHKK]Gross, M.; Hacking, P.; Keel, S. and Kontsevich, M.: Canonical bases for cluster
algebras. J. Amer. Math. Soc. 31 (2018), no. 2, 497–608.
[GWZ1]Gröchenig, M.; Wyss, D. and Ziegler, P.: Mirror symmetry for moduli spaces of
Higgs bundles via p-adic integration. Invent. Math. 221 (2020), no. 2, 505–596.
[GWZ2]Gröchenig, M.; Wyss, D. and Ziegler, P.: Geometric stabilisation via p-adic integration. J. Amer. Math. Soc. 33 (2020), no. 3, 807–873.
20

ICM 2022

[Ha]

Hausel, T.: Global Topology of the Hitchin system, (to appear in Handbook of
moduli; dedicated to David Mumford, eds. G. Farkas and I. Morrison, Advanced
Lectures in Mathematics, International Press) 25, 2013, 29–69. arXiv:1102.1717
[HH] Hausel T. and Hitchin, N.: Very stable Higgs bundles, equivariant multiplicity and
mirror symmetry, 91p. (to appear in Invent. Math.) arXiv:2101.08583
[HH1] Hausel, T. and Hitchin, N.: Multiplicity algebras in integrable systems, (ongoing
project)
[HMP] Hausel, T; Mellit, A. and Pei, D.: Mirror symmetry with branes by equivariant
Verlinde formulas. Geometry and physics, J.E.Andersen et al (eds) Vol. I, 189–
218, Oxford Univ. Press, Oxford, 2018.
[HT] Hausel, T. and M. Thaddeus, M., Mirror symmetry, Langlands duality and Hitchin
systems. Invent. Math., 153, No. 1, 2003, 197-229.
[HV] Hausel, T. and R. Villegas, F. .: Cohomology of large semiprojective hyperkähler
varieties, Astérisque No. 370 (2015), 113–156.
[Hi1] Hitchin, N.: The self-duality equations on a Riemann surface, Proc. London
Math. Soc. (3) 55 (1987) 59–126.
[Hi2] Hitchin, N.: Stable bundles and integrable systems. Duke Math. J., 54(1):91–114,
1987.
[Hi3] Hitchin, N.: Higgs bundles and characteristic classes, in Arbeitstagung Bonn
2013; In Memory of Friedrich Hirzebruch, Progress in Mathematics, Birkhäuser,
2016, 247–264. arXiv:1308.4603
[Hi4] Hitchin, N.: Spinors, twistors and classical geometry. SIGMA Symmetry Integrability Geom. Methods Appl. 17 (2021), Paper No. 090, 9 pp.
[KW] Kapustin, K. and Witten. E.: Electric-magnetic duality and the geometric Langlands program, Commun. Number Theory Phys. 1 (2007), no. 1, 1–236.
[Ko]
Kontsevich, M.: Homological algebra of mirror symmetry.Proceedings of the
International Congress of Mathematicians (Zürich, 1994), 120–139, Birkhäuser,
Basel, 1995.
[La1] Laumon, G.: Correspondance de Langlands géométrique pour les corps de fonctions, Duke Math. J. 54 (1987) 309–359.
[La2] Laumon G.: Un analogue du cone nilpotent, Duke Math. J. (2) 57 (1988), 647–
671.
[MS] Maulik, D. and Shen, J.: Endoscopic decompositions and the Hausel–Thaddeus
conjecture. Forum of Mathematics, Pi, 9, (2021), No. e8, 49 pp.
[MO] Montonen C. and Olive C.: Magnetic monopoles as gauge particles? Phys. Lett. B,
B72:117–120, 1977.
[Mu] Mukai, S.: Duality between D(X) and D( X̂) with its application to Picard sheaves,
Nagoya Math. J. 81 (1981), 153–175.
[Ng]
Ngô, B.C.: Le lemme fondamentale pour les algèbres de Lie. Publ. Math. I.H.E.S.
111, (2010) 1-169
[Ni]
Nitsure,N., Moduli space of semistable pairs on a curve, Proc. London Math. Soc.
(3) 62 (1991), 275–300.
21

Enhanced mirror symmetry for Langlands dual Hitchin systems

[Pa]

Panyushev, D.: Weight multiplicity free representations, g-endomorphism algebras, and Dynkin polynomials. J. London Math. Soc. (2) 69 (2004), no. 2, 273–
290.
[Si]
Simpson, C.: Nonabelian Hodge theory, Proceedings of the International Congress
of Mathematicians (Kyoto, 1990) , Math. Soc. Japan, 1991, pp. 747–756
[SYZ] A. Strominger, S-T. Yau, E. Zaslow. Mirror symmetry is T-duality. Nucl. Phys. B
479 (1996) 243-259
[Yu]
Yuen, C.: Jet Schemes and Truncated Wedge Schemes, PhD thesis, 2006, University of Michigan (available http://www.math.lsa.umich.edu/ kesmith/YuenThesis.pdf)
[Ze]
Zelaci, H.: On very stablity of principal G-bundles. Geom. Dedicata 204 (2020),
165–173.
[Zh]
Zhu, X.: Introduction to affine Grassmannians and the geometric Satake equivalence. in Geometry of moduli spaces and representation theory, 59–154, IAS/Park
City Math. Ser., 24, Amer. Math. Soc., Providence, RI, 2017.

Tamás Hausel
Institute of Science and Technology Austria, Am Campus 1, Klosterneuburg 3400, Austria,
tamas.hausel@ist.ac.at

22

ICM 2022

